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This  year  has  been  an  active  and  productive  period  for  the  grouD 
at  Clarkson  involved  with  nonlinear  wave  propagaton.  We  have  continued 
to  make  progress  in  the  study  of  nonlinear  evolution  equations,  the i r 
properties  and  their  solutions  for  both  one  plus  one  and  multidimensional 
nonlinear  evolution  equations.  We  are  continuing  our  studies  of 
Painleve"  equations  and  nonlinear  partial  difference  equations  which 
can  be  used  as  numerical  approximations  to  various  soliton  equations. 

We  have  recently  considered  a  singular  integral  version  of  the 
sine-Gordon  equation: 


where 


Hu^  =  sin  u 


Hu(x)  =  I  f  f^-ds 
11  J^S"X 

4  — oo 


is  the  Hilbert  transform  of  u.  An  interesting  feature  of  (1)  is  the 
fact  that  all  solutions  arise  from  bound  states  of  an  associated 
isospectral  problem.  This  is  in  contrast  to  say  the  KdV  equation  where 
only  the  soliton  sector  arises  from  bound  states. 
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Areas  of  study  include: 


Exact  solutions  of  nonlinear  equations  of  physical  significance. 
Inverse  scattering,  DBAR  method. 

Solutions  to  nonlinear  singular  integro-di fferential  equations. 
Applications  of  solitons  to  nonlinear  optics,  fluid  dynamics, 
theoretical  physics  etc. 


Recent  publications  of  M.J.  Ablowitz  supported  by  this  research  grant 
include  the  following: 


Multidimensional  Nonlinear  Evolution  Equations  and  Inverse  Scattering, 
M.J.  Ablowitz  and  A. I.  Nachman,  Physica  18D,  p.  223-241,  1986. 

On  the  solution  of  the  generalized  wave  and  generalized  sine-Gordon 
equations,  M.J.  Ablowitz,  R.  Beals  and  K.  Tenenblat,  Stud.  Appl.  Math., 
74,  pp.  177-203  1986. 

Solutions  of  Multidimensional  Extensions  of  the  Anti-Self  Dual  Yang-Mills 
Equations,  M.J.  Ablowitz,  O.J.  Costa  and  K.  Tenenblat,  Stud.  Appl.  Math. 
77:37-46  1987. 

An  Example  of  a  Problem  Arising  in  a  Finite  Difference  Context: 

Direct  and  Inverse  Problem  for  the  Discrete  Analogue  of  the  Equation 
0.  Ragnisco,  P.M.  Santini,  S.  Chitlaru-Briggs  and  M.J.  Ablowitz, 

J.  Math.  Phys.  28,  777  1987.  ^ 

Note  on  Solutions  to  a  Class  of  Nonlinear  Singular  Integro-Differential 
equations,  M.J.  Ablowitz,  A.S.  Fokas  and  M.D.  Kruskal,  Phys.  Lett.  A. 

Vol.  120,  5  pp.  215-218  1987. 

A  Method  of  Solution  for  Painleve*’  Equations:  Painleve  IV,  V, 

A.S.  Fokas,  U.  Mugan  and  M.J.  Ablowitz,  INS#73  preprint  1987. 

Exactly  Solvable  Multidimensional  Nonlinear  Equations  and  Inverse 
Scattering,  M.J.  Ablowitz,  Proceedings  of  Nonlinear  Evolution  Equations, 
Solitons  and  the  1ST,  Oberwolfach,  Germany  1986,  Ed.  by  M.J.  Ablowitz, 
M.D.  Kruskal  and  B.  Fuchssteiner,  World  Scientific  Publ.  Co. 

Topics  Associated  with  Nonlinear  Evolution  Equations  and  Inverse 
Scatteing  in  Multidimensions,  M.J.  Ablowitz,  Ed.  by  M.  Lakshmanan, 
Proceedings  of  "Solitons",  Winter  School,  Ti ruchi rapa 1 1 i ,  India, 

January,  1987,  I NS#76  preprint. 
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Publications  (continued) 


Numerical  Simulation  of  the  Modified  Korteweg-deVries  Equation, 

Thiab  R.  Taha  and  M.J.  Ablowitz,  INS#77  preprint,  February  1987. 

Hodograph  Transformations  on  Linearizable  Partial  Differential  Equations, 
P.A.  Clarkson,  A.S.  Fokas  and  M.J.  Ablowitz,  I  NS#  78  preprint,  April  1987 

Davey-Stuartson  I-A  Quantum  2+1  Dimensional  Itegrable  System, 

C.L.  Schultz,  M.J.  Ablowitz  and  D.  Bar  Yaacov,  INS#82  preprint 
May,  1987. 


Solutions  of  Multidimensional  Extensions  of 
the  Anti-Self-Dual  Yang-Mills  Equation 


By  Mark  J.  Ablowitz,  David  G.  Costa,  *  and  Keti  Tenenblat  * 


Motivated  by  recent  work  on  the  generalized  wave  and  Sine-Gordon  equatons, 
various  multidimensional  extensions  of  the  classical  self-dual  Yang-Mills  equa¬ 
tion  are  developed.  A  method  to  obtain  a  broad  class  of  solutions  is  given. 


The  advent  of  the  inverse  scattering  transform  (1ST)  has  allowed  mathemati¬ 
cians  and  physicists  to  linearize  and  solve  certain  classes  of  nonlinear  partial 
differential  equations.  A  review  of  much  of  this  work  can  be  found  in  texts  on  the 
subject  (see  for  example  (1]).  One  such  equation  of  physical  interest  is  the 
sine-Gordon  equation  (SGE).  The  SGE  arises  naturally  in  the  study  of  surfaces 
of  constant  negative  curvature  in  differential  geometry.  Classical  work  by 
B&cklund  [2]  and  Bianchi  [3]  developed  special  solutions  as  well  as  transforma¬ 
tions  between  solutions.  The  1ST  encompasses  the  classical  approach  in  a  natural 
way  and  allows  one  to  find  a  far  broader  class  of  solutions  to  the  SGE. 

Natural  geometric  generalizations  of  the  classical  results  were  obtained  in 
[4,3],  in  which  a  multidimensional  version  of  the  sine-Gordon  equation,  called 
the  generalized  sine-Gordon  equation  (GSGE),  and  related  transformations  were 
found.  Similar  results  were  obtained  for  nonlinear  generalizations  of  the  wave 
equation  (GWE)  [6],  In  [7]  the  associated  linear  equation  and  the  1ST  for  the 
GWE  and  GSGE  were  developed.  It  was  found  in  [7]  that  the  linear  problems  for 
the  GWE  and  GSGE  are  given  by  systems  of  ordinary  differential  equations 
which  can  be  transformed  to  a  nearly  standard  form.  The  solutions  of  the 
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generalized  equations  are  obtained  via  factorization  of  a  certain  Riemann-Hilbert 
boundary  value  problem. 

Motivated  by  this,  one  can  look  for  solutions  to  multidimensional  extensions 
of  other  well-known  nonlinear  systems.  In  this  paper  we  consider  extensions  [see 
Equations  (12>— <14)J  of  the  anti-self-dual  Yang-Mills' equation  given  by  Pohlmeyer 
[8].  The  point  of  view  we  take  is  to  develop  multidimensional  analogues  of  the 
associated  linear  problem.  Solutions  of  Equations  (13),  (14)  below  are  associated 
to  local  frames  on  vector  bundles  over  C".  The  solutions  are  obtained  via  the 
so-called  d  method  (which  itself  generalizes  the  notion  of  a  Riemann-Hilbert 
factorization  problem).  Recently  there  has  been  considerable  development  of  the 
d  approach,  and  here  we  mention  the  reviews  in  [9-13]. 

A  version  of  the  anti-self-dual  Yang-Mills  equation  is  given  by 


where  Q  is  a  positive  matrix  valued  function  of  (xt,  jc2)  eCJ;  see  [8].  We  obtain 
extensions  of  this  equation  for  a  matrix  valued  function  U(x),  x  -  (xl(...,  x„)  e 
C„,  as  follows: 

Consider  linear  problems  of  the  form 

D/m(x,  z)  «  Aj(x)m(x,  z),  1  £  j  £  n,  (2) 

x  -  (Xj, . . . ,  x„)  €  C  ",  r  e  C,  where  D>  —  if/  +  rif/  are  commuting  derivations 
acting  on  m,  and  if/,  if/  are  first-order  differential  operators  in  the  variables 
Xj,  Xj.  Commutativity  implies 

VAj-D'A.  +  lA^Aj J  -0.  (3) 

As  examples  choose  three  distinct  sets  of  derivations: 


I  1  if  j>k, 
\-l  if  j  <  k\ 


Th#  Anti- Sail-Dual  Yang-Milts  Equation 


and 


d  d 

D!  -  -3—  +  zr,T= - . 

oXj  aXj_r^, ,/j) 


where  n  is  an  even  integer  and 


rj 


-1  if  j£n/2, 
1  if  j  >  n/2. 


Applying  Dj  as  given  above  into  (3)  in  each  case,  we  have 


dA  dAt  . 

17,' 17  +  "  0 


and  respectively 


dA  dA , 


r  s  —  -  r  s  —  =  0 


dA. 


dA , 


r.^r= 


>dxl_r(n/1)  r‘dx,_. 


=  0. 


(»/2) 


If  we  introduce  fl  by 


aj  u  dx : 


we  obtain  respectively  the  equations 

Kj  dtj-r^/lA  dxJ  r'3X.-rA»/2)\  dXJ 


=  0. 


=  0. 


=  0. 


Whenever  n  =  2,  each  of  these  equations  reduces  to  (1). 


(1 


(1 


(1 

(1 

(1 
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In  order  to  obtain  solutions  for  these  equations  we  use  a  general  result. 
Proposition  4.  Our  approach  is  similar  to  the  one  used  in  [12]  for  Equation  (1). 

Let  x  denote  the  space  of  N  x  N  matrix-valued  functions  m(x.  z)  e  Lf^, 
x  €{/,  U  an  open  domain  of  C\  re  C,  such  that  m  is  a  locally  bounded 
function  of  x  with  values  in  Lf.  Let  V  denote  the  space  of  N  x  N  matrix-valued 
functions  v(x,  z)  e  x  e  (/,  such  that  v  is  a  locally  bounded  function  of  x 
with  values  in  L\  n  Lf.  We  introduce  the  following  notation: 

Lfu.'  “  (/(:)::eC;/(z),:/(:)el'),  1 

We  will  denote  by  *(.)  [respectively  ^1()  the  space  of  functions  m(x, :)ei 
[t>(x,  r)  €  y]  such  that  dm/dXj  and  dm/dxt  [dv/dxj  and  dv/dx y]  are  locally 
bounded  functions  of  x  with  values  in  Lfu i(  [L{Ui  n  LJJ,  t],  We  observe  that  the 
domain  U  of  the  variable  x  can  eventually  be  all  of  C ",  Introduce  the  operator 

c/(z)  ~  27i/cr^7dS:  A  X- 

Lemma  1.  Let  f(z)  e  Ll  O  L®.  77i«?n  Cf  e  L®  and 

^  l/lz.«  +  2^1/lz.'  ^  l/lc'n  ■ 

Proof:  Write  C/(z)  as  a  sum  of  integrals  over  the  ball  |f-r|^l  and  its 
complement.  The  estimate  follows  readily. 

Lemma  2.  Let  /(ij,  f)  e  L'^,  ijeC*,  feC,  such  that  df/drtj  exists  in  the 
distribution  sense.  If  f  and  df/d  r\l  €  L\,  then  we  have 

WjifUndS  A  di  “  A  # 

in  the  distribution  sense. 

Proof:  The  proof  follows  from  the  definition  of  the  weak  derivative  df /dr)  t  by 
using  convenient  test  functions  <Mn).0(?)  and  applying  Fubini’s  theorem.  □ 

From  here  on,  we  assume  K(x,  z )  e  y{l)  fixed,  and  we  introduce  the  operator 

Tm  =*  mV. 

Lemma  3.  Let  V(x,  z)  e  y(l).  Then  CT.9C  and  CT:  X{1)  -*  &(U  are  well 
defined. 

Proof:  We  show  that  T :  S',,,  -*  y(l)  and  C :  -*  J",,,  are  well  defined.  It 

will  be  clear  that  the  proof  also  shows  that  T\X-*y  and  C :  V  -•  S'  are  well 
defined. 


Th«  Anti-S«i(-Oual  Yang-Mills  Equation 
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(i)  For  m  e  £"(1)  we  have  that  Tm  «■  mV  e  Lf*,  since  V  and  m  e  Lf*..  And, 
since  m  and  V  (or  dm/dxr  dm/dxj  and  dV/dxp  dV/dxp  respectively)  are 
locally  bounded  functions  in  x  with  values  in  Lf  and  L'  n  Lf  (or  Z,®)t  t  and 
L'a)  t  n  £“),),  it  follows  that  Tm  is  a  locally  bounded  function  in  x  with  values 
in  L;  n  Lf. 

Moreover,  for  meiT(1),  there  exist  the  distributional  derivatives  d(Tm)/dxJ, 
d(Tm)dXj ,  locally  bounded  in  x  with  values  in  L'w  z  n  given  by 

d(Tm)  _  dm  dV 

~17~  17Jv+mdxj- 

Similarly  for  d(Tm)/dxJ.  Therefore,  Tm  and  T :  &a)  -*  *«>  is  well 

defined. 

(ii)  Given  v  e  Lemma  1  implies  for  a.a.  x 

|Cu(x,z)|t-  i|u(jc,z)|t;nt-. 

Since  v  is  locally  bounded  in  x,  it  follows  that  Cv  is  locally  bounded  in  x  with 
values  in  Lf.  From  Lemma  2,  we  have  the  existence  of  d(Cv)/dxr  d(Cv)/dxJ, 
and 


9  (Co) 
dx, 


v)  J  dv  \ 

r  cra- 


Now,  Lemma  1  yields 


A  du  \ 

dv 

ck) 

I  dv  \  1  dv  „(  dv  \ 

lt  2’ s',  rs'Jt. 


|V  Itcntf  i  '"VU.jni.f 

Similar  estimates  hold  for  dCv/dxy  Since  dv/dxp  dv/dxJ  are  locally  bounded 
in  x  with  values  in  L[l)  z  n  Lfn z,  it  follows  from  (15),  (16),  (17)  that  d(Cv)/dxf 
and  d(Cv)/dxj  are  locally  bounded  in  x  with  values  in  LfUz.  Therefore, 
Cv  e  &(1}  and  i)  is  well  defined.  □ 

Let  Dt  -  if,  +  zif2  be  a  derivation  acting  on  functions  m,  where  .Sf,  and  if2 
are  first  order  differential  operators  in  the  variables  xr  xj  with  constant  coeffi¬ 
cients.  We  note  that  if  m  then  Dsm  is  a  locally  bounded  function  in  x 

with  values  in  Lf.  Moreover,  for  Dp  is  a  locally  bounded  function  in  x 

with  values  in  Z'H  Lf.  Therefore,  [Dt,T)\  #"(1)  -*  V  is  well  defined.  Similarly 
(D:XV.rw  -*  3T  is  well  defined. 


Iv. 
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Proposition  4.  Let  V(x,  z)  e  ViX),  x  e  fl  c  C  \  :eC,  such  that 

(i)  DzV-0, 

(ii)  /  -  CT  ■.£-*£  is  1-1. 

If  m(x,  z)  6  J"(1)  satisfies  (  /  -  CT)m  =1,  then  m  is  a  solution  of  the  equation 

Dtm  -  Q(x)m, 

where 

Q(x)  "  “  2i7  fc^2(Tm(x,t:))dS  A  </f. 

Proof:  Since  Dz  is  a  derivation,  it  follows  that 

DA I)  -  o.  (18) 

From  now  on,  in  view  of  the  above  remark,  we  shall  use  the  fact  that  the 
commutators  [Dz>  T\  and  [D.,C]  are  well  defined  on  JT(1)  and  7^  respectively. 
Now  (i)  clearly  implies  that 


[Dz,T)m  =  0 


(19) 


for  all  me  2".  On  the  other  hand,  using  Lemma  2,  we  obtain  that,  for  any 


<!)' 


DACv)  -C{Dfi)-  5^  jc(*2v)dS  A  rff; 


hence 


(A.C]u  =  -  jiJ a  </f.  (20) 

Applying  Dt  to  the  equation  ( I  -  C7")m  =  1  and  using  (18)  it  follows  that 

D.m  -  ( DZC )  Tm  «  0; 

hence 

D.M  -  [ Dz,C]Tm  +  CDJm 
-  Q(x)  +  CTDzm, 

where  we  have  used  (20)  with  v  -  7m,  m  e  *it>.  and  (19)  in  the  last  equality. 
Therefore, 

(/ -CT)D,m  -  Q(x).  (21) 
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Now,  we  have 

Q{x)  -  Q(x)  1  -  Q(x)(I-CT)m  =  (. I-CT)Q(x)m . 
which  together  with  (21)  and  (ii)  yields  Dtm  =  Q{x)m.  □ 

For  future  use,  we  suppose  that  the  given  V(x.  z)  e  Va)  is  such  that 

sup  |K(x,  =  6  <  1.  (22) 

xev 

Lemma  5.  If  (22)  holds,  then 

(i)  /  —  CT  \  X  -*  X  is  1-1  and  onto, 

(ii)  m  -  (/-  Cr)_11  €  X.ly, 

(iii)  nt(x,  z)  is  of  class  C*  in  x  provided  V(x,z)  is  of  class  Ck  in  x. 

Proof:  (i):  For  each  fixed  x  e  U  the  linear  operator  m(x,  ■ )  -*  CTm(x,  ■ )  is 
bounded  from  Lf  to  Lf,  with  norm  less  than  or  equal  to  6  <  1.  Therefore 
I  —  CT  is  1-1  and  onto  with  an  inverse  given  by  the  Neumann  series 

(I-CT)~l  =  Z(CT)1.  (23) 

i-o 

(ii):  We  must  show  that  ihere  exist  dm/dxr  dm/dxJ  as  locally  bounded 
functions  of  x  with  values  in  L*,  z.  In  view  of  (23),  it  suffices  to  prove  that  the 
partial  sums 

I  -rr(CT)' i  (24) 

i-o  J 


form  a  Cauchy  sequence.  For  that  we  use  the  following  straightforward  estimates, 
which  hold  for  each  fixed  xeU  and  integer  /  >  0: 


IQItf  ^  IsIr.nLf.  g  e  tr. 

(25) 

\zCg\L -  5  Igl  L':  n  Lf  +  Uglr.nt-.  g 

(26) 

\{CT)'f\L?  z  \V\'L.nLT\f\L?  =  b'\f\L?, 

/  e  X, 

(27) 

|(rc)'g|i:nL»  5  s'lgkjntf.  g  e  r. 

(28) 

\z(TC)'s\L *  *,(/|glt;r,t-  +  |.*glt;ni.f). 

g e 

(29) 

Observing  the  identities 

£  4r(CT)'i  -  £  (C7T'Ic(  £  [(CT) 

l-p  J  IX-  1  \  l-p 

t-^\  9V\ 

^  dxl  /’ 

(30) 

Z  £  =  £  zC(rc)“'1|  £  [(cr 

i-p  j  p-\  \ i-p 

w-vul  9V\ 

(31) 
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we  use  (25)  and  (27)  repeatedly  to  estimate  (30)  as 


'-p  y 


L7 


<,  L  a'*-1 

^-i 


t;nz.r 1-3 


l-« 


dV 


t;nz.r 


and,  similarly,  we  use  (26)— <29)  to  estimate  (31)  as 


(32) 


’ZlkW 1  ^ 

y  *-i  v 


dv 


L;nc- 


S'~l 


dV 


p(p  +  l)8'-1 

<?K 

3K 

2(1-5) 

w  TT 
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These  last  two  estimates  show  that  the  partial  sums  (24)  form  a  Cauchy  (hence 
convergent)  sequence  of  locally  bounded  functions  of  x  with  values  in  L®,  t. 
Therefore,  there  exist  dm/dXj  in  ((/,  £®)it).  Similarly,  there  exist  dm/dxj. 
The  proof  of  (ii)  is  complete. 

(iii):  If  V(x,  z)  is  of  class  C1  in  x,  then,  for  fixed  reC  and  an  arbitrary 
compact  set  K  c  U,  we  obtain  from  (32)  that 


sup 

xcX 


I  -fcr(CT)'i(x,z) 
i-p  1 


p6'~l 

*  T=T  s“Pr 

JC  6  K 


dV 


which  goes  to  zero  as  q  £  p  -» 0.  This  implies  that  m(x,z)  is  also  of  class  C’ 
in  x.  □ 

Now  we  will  use  Proposition  4  with  the  derivations  Dj  given  by  (4)— (6)  for 
Equations  (12)— (14)  respectively.  In  each  case  we  must  choose  V(x,  z)  e  in 
such  a  way  that  the  hypotheses  (i)  and  (ii)  are  satisfied. 

We  consider  the  change  of  variables 


uj  ~  zxj  + 

for  Z)/  given  by  (4), 

(33) 

+  xy  for  Z>/  given  by  (5), 

k*  j 

(34) 

uj  *  2r,VM"/2>  +  xy 

for  Dj  given  by  (6). 

(35) 

Then  using  (4)— (6)  we  have  that  D/V  «  0,  for  each  j,  whenever  V  is  a  holomor- 
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phic  function  on  u;.  Therefore,  we  consider  V(uu...,uK,  z)  holomorphic  on  the 

variables  uy  given  respectively  by  (33)— (35).  In  fact,  we  shall  take  V(ul . u„,z) 

as  a  polynomial  in  the  u/s: 

K-  I  Ca(z)u‘,  (36) 

\a\s.p 

where  multiindex  notation  is  being  used.  _ 

Now,  we  take  U  cC"  to  be  a  bounded  domain  and  consider  K  «  U.  Then,  we 
choose  the  Ca(z)’s,  |a|  £  p,  in  such  a  way  that  the  linear  operator  m(x,  •)-» 
CTm(x,  •)  is  bounded  from  Lf  to  Lf  with  norm  <,  8  <1  for  all  x  e  K.  The 
corresponding  V  in  (36)  satisfies  the  hypothesis  of  Proposition  4  in  view  of 
Lemma  5.  Therefore,  for  such  a  V  fixed,  we  obtain  m(x,  z)  “  (/  -  CT)~l1, 
which  satisfies  the  equation 

D/m(x,z)  -  At(x)m(x,z) 

with 

Aj(x)  -  j#ATm{x,S))dS  A  dl 

where  DJ  —  4-  z!£{  is  given  respectively  by  (4)-(6).  It  follows  that  AJ  satisfy 

(7)  and  respectively  (8)— (10).  Therefore  Q  given  by  (11)  satisfies  (12)-(14) 
respectively. 

The  matrices  m(x,z)  can  be  interpreted  as  local  frames  on  vector  bundles 
over  C"  for  Equations  (13)  and  (14).  These  bundles  when  compactified  may  be 
viewed  as  fibre  bundles  of  a  complex  projective  space  Pfc*1  over  S2".  The 
coordinates  uy  defined  in  (34)  and  (35)  arise  from  the  following  fibration. 
Considering  u„,  z,  1)  as  coordinates  in  P^*X),  we  take 

x'  =  -rfi(/-|r|252)'lu'  +  (/-|z|2B2)'lfi', 

where  x=*(x! . x„),  u  -  (ult...,  u„),  and 


for  (34), 

for  (35). 
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Conversely,  the  fibre  above  x  is  given  by  z,l),  where 

u‘  -  zBx'  + 

as  iq  (34)  and  (33)  respectively.  We  observe  that  since  B  +  B'  -  0,  it  follows  that 
I-\z\2B2  -  (/-|*|*)(/  +  |*|J) 

is  inyertible. 
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On  the  Solution  of  the  Generalized  Wave 
and  Generalized  Sine-Gordon  Equations 

By  MarkJ.  Ablowitz,  Richard  Beals,  and  Keti  Tenenblat 


The  generalized  wave  equation  and  generalized  sine-Gordon  equations  are  known 
to  be  natural  multidimensional  differential  geometric  generalizations  of  the 
classical  two-dimensional  versions.  In  this  paper  we  associate  a  system  of  linear 
differential  equations  with  these  equations  and  show  how  the  direct  and  inverse 
problems  can  be  solved  for  appropriately  decaying  data  on  suitable  lines.  An 
initial-boundary-value  problem  is  solved  for  these  equations. 


1.  Introduction 

In  1967  Gardner,  Greene,  Kruskal,  and  Miura  [1)  discovered  that  the  Cauchy 
problem,  with  suitably  decaying  initial  data  on  the  line,  associated  with  the 
Korteweg-deVries  (KdV)  equation  could  be  solved  by  making  use  of  ideas  from 
the  theory  of  scattering  and  inverse  scattering.  Subsequently  a  number  of 
nonlinear  equations  of  physical  interest  have  been  solved  by  variants  of  this 
method,  often  referred  to  as  the  inverse-scattering  transform  (I.S.T.).  Accounts  of 
these  techniques,  associated  algebraic  structure,  and  amenable  nonlinear  equa¬ 
tions  can  be  found  in  texts  on  this  subject  (see  for  example  [2]). 

An  equation  which  fits  into  this  framework  is  the  sine-Gordon  equation: 

u„  ~  uxx  ~  k  sin  u  =  0.  (1.1) 

The  sine-Gordon  equation  is  of  interest  to  physicists  and  mathematicians.  It  was 
first  solved  by  I.S.T.  in  [3|.  In  physics  it  arises  in  the  study  of  Josephson 
junctions,  particle  physics,  stability  of  fluid  motions,  etc.  In  mathematics  it  has 
arisen  classically  in  the  study  of  differential  geometry.  In  this  paper  we  shall 
describe  a  method  which  enables  us  to  carry  out  the  I.S.T.  for  certain  nonlinear 
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n-dimensional  generalizations  of  the  sine-Gordon  and  wave  equations  (*c  =  0) 
which  arise  in  the  study  of  differential  geometry. 

Originally,  the  sine-Gordon  equation  was  derived  in  the  study  of  surfaces  of 
constant  negative  curvature  contained  in  Euclidean  space  R3.  There  is  an 
intimate  connection  between  such  surfaces  and  solutions  of  the  equation.  Indeed, 
in  1875  B&cklund  [4J  considered  the  following.  Let  M  and  M  be  surfaces  in  R3 
and  be  a  diffeomorphism  such  that  for  any  point  p  in  M  and 

corresponding  point  p~l(p)  one  has  the  following: 

(a)  the  line  determined  by  p  and  p  is  tangent  to  M  and  M  at  p  and  p 
respectively; 

(b)  the  distance  d(  p,  p)  -  r  >  0  is  a  constant  independent  of  p; 

(c)  the  angle  between  the  normal  vectors  N(  p)  and  N(p)  to  the  surfaces  is  a 
constant  0  independent  of  p. 

Biicklund  proved  that  under  these  conditions  the  surfaces  M  and  M  have 
constant  Gaussian  curvature  k  -  i  =  -(sin20)/r2  which  can  be  normalized  to  be 
- 1 .  Moreover  he  showed  that  given  any  surface_Af  c  R 3  with  curvature  it  =  - 1 
there  exists  a  two-parameter  family  of  surfaces  M  with  curvature  is  =  - 1  related 
to  M  by  diffeomorphisms  which  satisfy  (a)-(c). 

The  analytic  interpretation  of  these  results  originated  in  what  is  now  called  a 
Baddund  transformation,  which  provides  new  solutions  to  the  sine-Gordon 
equation  from  a  given  one.  Later  Bianchi  [5]  obtained  a  permutability  theorem 
for  surfaces  which  provides  superposition  formulae  for  the  sine-Gordon  equation. 

Motivated  in  part  by  the  work  of  [6],  the  natural  geometric  generalizations  of 
these  results  were  obtained  in  [7. 8]  by  considering  hyperbolic  (constant  sectional 
curvature  equal  to  -1]  n-dimensional  submanifolds  M"  of  the  Euclidean  space 
R2"-1.  The  geometric  results  for  hyperbolic  manifolds  M"  contained  in  R2"'1 
were  extended  [9]  to  manifolds-  M "  of  constant  sectional  curvature  ic  <  1  (k  <  - 1) 
contained  in  the  unit  spheres  S2"'1  (hyperbolic  space  Z/2"'1).  In  particular,  the 
zero-curvature  submanifolds  of  the  unit  sphere  correspond  to  solutions  of  a 
generalized  wave  equation  (GWE)  which  is  a  homogeneous  version  of  the 
generalized  sine-Gordon  equation  (GSGE)  associated  with  embeddings  in 
Euclidean  space. 

The  higher-dimensional  version  of  Backlund’s  results  takes  the  following  form: 


where 


dX  +  XA'X  =  A  -  XB. 


J  "1  J 

A,j  =  P,(z)a,ldxl. 

p  1  dau  .  1  dau 

'  ax,  dx,  I  al;  ' 


1  <  i.  j  <  n. 


/•/V 


L*  vV./V 


for  the  function  u  =  u(x,t)  reduces  the  GSGE  to  the  classical  sine-Gordon 
equation  (1.1).  We  note  also  that  if  the  parameter  c  in  (1.2)  is  given  by  :  =  tan  10. 
then  6  is  the  constant  in  Backlund’s  statement  (c)  above.  On  the  other  hand  when 
n  =  2  and  e  =  0,  then  with  (1.7)  the  GWE  reduces  to  the  wave  equation  (1.1 )  with 
k  =  0.  When  n  >  3  the  generalization  of  the  wave  equation  discussed  here  is 
nonlinear.  A  BackJund  transformation  and  a  superposition  formula  for  the  GWE 
were  obtained  in  [9]. 

The  Backlund  transformations  (1.2)  described  above  are  in  fact  matrix  Riccati 
equations.  Linearizations  of  such  a  system  can  be  performed  in  a  straightforward 
manner  (see  for  example  [10]).  Introducing  the  transformation 

X  -  l’V~  \  (1.8) 
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(° 

\dv) 

U 

b! 

M 

where  U,  V  are  n  x  n  matrix  functions  of  x, . x„,  the  following  linear  system  is 

deduced: 


(19) 


with  the  components  of  A.  B  given  in  (1.3).  Compatibility  ensures  that  the 
orthogonal  matrix  a  -  {a(/}  satisfies  the  GSGE  with  (1.4)  and  GWE  with  (1.5). 
Alternatively,  if  we  call 

(?)-♦• 

the  following  linear  system  of  2  n  o.d.e.'s  are  obtained: 


It  ■  +  CA 


(110) 


where  Ar  C;  are  In  x2 n  matrices  with  the  block  structure 


(° 

M. 

c  “  (  n 

°) 

(»; 

°) 

i  1  0 

(111) 


Here  ar  y,  are  n  x  n  matrices  having  the  following  structure: 

& 


aj’{x~lha>  +  ar 


a  =*  ae 

j  j 


where  ef  -  {ey},A  is  the  unit  matrix 

,  .  =  ( 1  ,  = 

^  ’  '*  ^  0  otherwise, 

and  in  component  form  yt  takes  the  form 


(112) 


11.13) 


(1.14) 


In  (1.12)  a  is  the  orthogonal  matrix  R"  -*  SO(n)  associated  with  the  GWE  when 
5  =»  \  and  with  the  GSGE  when  5  -  l(r  +  1/r),  \  =  )(r  -  1/;).  and  y;  is  the 
matrix  (1.14):  R  „  -»  M„( R),  y(  +  y'  =  0.  Although  y(  is  determined  by  a.  it  will  be 
convenient  to  treat  (a.  y,,  ■  ■  ■  y„)  as  the  data.  Then  both  (1.6)  and  (1.14)  arise  as 
the  compatibility  conditions  for  the  scattering  problem  (1.10). 
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Since  we  shall  separately  examine  the  two  cases  GSW  and  GSGE,  we  write 
down  the  explicit  scattering  problems  which  are  compatible  with  each  of  these 
equations. 

For  the  GWE  the  scattering  problem  takes  the  form  [</,  -  <//(x,  X)] 


d\L 

df  "  +  c/* 


0-15) 


a;  0 


(1.16) 


and  et  is  given  in  (1.14)  and  C;  given  by  (1.11),  (1.14). 

For  the  GSGE  the  scattering  problem  for  ^  =  \p(xs  z)  is 


diL  0 

4-H*,  o  ♦ 


I  0  (/-*,)«,! 

+  Mi)L  o  r+c+ 


(1.17a) 


S(z),  \(z),Cf  given  above,  or  equivalently 


37- W  + 


(in b) 


where 


u  =  diag(  +  1,-1 . - 1). 


In  this  paper  we  show  how  the  direct  and  inverse  scattering  problems 
associated  with  the  GWE  (1.15)  and  the  GSGE  (1.17)  can  be  solved  for  matrix 
potentials  tending  to  the  identity  sufficiently  fast  in  certain  “generic”  directions 
(to  be  discussed  later).  It  is  along  such  directions  (lines)  that  suitable  initial 
values  for  the  entries  of  a  (x)  and  the  matrices  y,(x)  can  be  specified.  In  Sections 
2-4  the  analysis  for  the  GWE  is  given,  and  in  Sections  5-8  the  analogous 
problems  are  discussed  for  the  GSGE. 

Finally,  we  remark  that  solving  the  n-dimensional  GWE  and  GSGE  reduces  to 
the  study  of  the  scattering  and  inverse  scattering  associated  with  a  coupled 
system  of  n  one-dimensional  o.d.e.'s.  This  is  in  marked  contrast  to  other  attempts 
to  isolate  solvable  (local)  multidimensional  nonlinear  evolution  equations  which 
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are  the  compatibility  condition  of  two  Lax-type  operators 


L\p  *  X^, 


(1.18) 

(1.19) 


where  L  is  a  partial  differential  operator  with  the  variable  t  entering  only 
parametrically.  Although  nonlinear  evolution  equations  in  three  independent 
variables  can  be  associated  with  suitable  Lax  pairs  (e.g.  the  Kadomtsev- 
Petviashvili,  Davey-Stewartson,  and  three- wave  interaction  equations — see  for 
example  the  review  [11]),  little  progress  has  been  made  in  more  than  three 
independent  variables.  In  this  context  one  has  to  overcome  a  serious  constraint 
inherent  in  the  scattering  theory  for  higher-dimensional  partial  differential  oper¬ 
ators  in  order  to  be  able  to  find  associated  solvable  nonlinear  equations:  namely, 
the  scattering  data  generally  satisfy  a  nonlinear  equation  (see  [12-14]).  The 
analysis  discussed  herein  completely  avoids  such  problems,  since  the  linear 
system  is  simply  a  compatible  set  of  n  linear  one-dimensional  scattering  prob¬ 
lems.  On  the  other  hand,  these  results  demonstrate  that  the  initial-value  problem 
is  posed  with  given  data  along  lines  and  not  on  (n  -  l)-dimensional  manifolds. 

2.  The  forward  problem  for  the  GWE 

We  consider  here  the  spectral  problem  (1.15),  assuming  the  associated  compati¬ 
bility  conditions,  i.e.  the  GWE.  The  strategy  is  to  transform  (1.15)  to  a  standard 
form  and  to  associate  to  it  a  Riemann- Hilbert  factorization  problem  as  in  [15]. 
The  transformation  uses  the  Inxln  orthogonal  matrices 

**-(:  “)•  ‘0-  u-m-  ai) 

If  i]/  is  a  fundamental  matrix  solution  of  (1.15),  then  the  function 


satisfies 


where 
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where 


Conversely,  (2.2)-(2.6)  imply  that  <p  is  a  solution  of  (1.15).  We  look  for  a 
solution  in  the  form 

\p(x.  X)  =  m(jr, \)ex*  J,  x  -J  =  Y  xjJj.  (2.7) 

/  -i 

Then  (2.3)  is  equivalent  to 

3m 

=  X[/,,m]  +  Q;m.  (2.8) 

These  equations  imply  that  det  m  is  constant.  We  look  for  m  such  that 

m(  •,  X)  is  bounded,  det  m(x,  X)  =  1.  (2.9) 

Proposition  2.1.  Suppose  that  for  some  X  e  C,  m,  and  m2  are  two  solutions  of 
(2.8),  (2.9).  Then  there  is  a  matrix  W(\)  e  SL(2n.C)  such  that 

m2(x,  X)  -  ml(x,\)eXx  JW(\)e-XxJ  (2.10) 

Moreover,  if  X  €  /R  then  W  is  diagonal. 

Proof:  One  checks  that 

^[e-^  ym1(jc.X)',m2(x.X)e^  ']  =0.  (2.11) 

so  the  matrix  in  brackets,  W^( X ),  is  independent  of  x.  Now  (2.9)  implies 
exp(Xx  7)kP(X)exp(- \x-J)  is  bounded  with  respect  to  t,  which  is  only 
possible  if  X  e  R  or  W'fX)  is  diagonal. 

We  study  the  problem  (2.8),  (2.9)  by  restricting  to  lines  in  R".  Let  w  be  a  unit 
vector  in  R,  and  y  a  vector  orthogonal  to  w.  Along  the  line 

L(w,y)  =  (>'  +  w:jeR)  (2.12) 

we  consider  the  restriction  of  m: 
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Then  (2.8)  gives 

-  X[yw,m]  +  Qm\ 
jw  *  w  j  * 

Q(s)  *  Q(s.w%y)  m  T.w,Qj(y  +  sw)-  (2.14) 

Definition  2.1.  The  data  { a/t  yt }  are  small  in  the  direction  w  if  the  operator 
norm  of  the  associated  matrix  function  Q  satisfies 

I*  \\Q(s.w,y)\\ds  Z  k  <\  (2.15) 

for  some  constant  k  and  all  y  orthogonal  to  w. 

Definition  2.2.  The  data  {a,,  y, }  are  asymptotically  flat  in  the  direction  w  if 
each  derivative  of  each  entry  of  the  matrices  a,,  yJ  is  rapidly  decreasing  at  infinity 
on  each  line  L(w,  y),  uniformly  with  respect  to  y.  Thus,  for  each  such  matrix 
entry  /,  each  integer  N  >  0,  and  each  multiindex 

|(-57)  /(>  +  ^)  £C(1  +  Mr*  (2.16) 

for  every  yXw  and  re  R. 

Definition  2.3.  The  direction  w  is  oblique  if  the  2n  numbers  { ±  }  are 

distinct. 

Theorem  2.2.  Suppose  the  data  {a,, y;)  are  small  and  asymptotically  flat  in 
some  oblique  direction  w.  Then  for  each  AeC\iR  there  is  a  unique 
which  solves  the  problem  (2.8)  and  (2.9)  and  satisfies  the  asymptotic  condition 

lim  m(  v  +  rw.  A)  *  /,  allj-Lw.  (2.17) 

f  -  X 

Moreover  m  is  bounded,  m(s.  ■)  is  holomorphic  on  C\iR,  and  the  limits 

m,.(x,A)  -  lim  m(x. A  ±  e)  (2.18) 

>  -0* 

exist  and  are  smooth  functions  on  R"  x  iR.  Also 

lim  m(x.  A)  =*  /.  (2.19) 

A,  —  X 


uniformly  with  respect  to  x. 
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Before  discussing  the  proof  of  this  theorem,  let  us  consider  the  implications. 
For  X  e  /R  the  limits  m  ±  give  two  solutions  of  (2.8),  (2.9).  Therefore  Proposition 
2.1  implies  the  following. 

COROLLARY  2.3.  There  is  a  matrix-valued  function  V\  jR  ->  SL  (2n,C)  such 
that 


m+(x,X)  =  m.  (x, \)ex*  JV(\)e' 


(2.20) 


for  all  jcsR".  X  e  iR. 

Definition  2.4.  The  function  V  is  the  scattering  data  associated  to  (a,  y;)  and 
the  direction  w. 


We  now  sketch  the  proof  of  Theorem  2.2.  Note  that 


aj +  a'j  =  -  3  °- 


<?, +  g;  =  o. 


(2.21) 


(2.22) 


In  particular,  the  diagonal  entries  of  Q„  are  zero.  The  problem  (2.14)  with  the 
conditions 


m (•,  X )  is  bounded  and  lim  m(r,X)  =  / 


(2.23) 


is  exactly  of  the  kind  considered  in  [15].  Indeed  Qn  =  0  and  Jw  is  diagonal  with 
distinct  entries  (since  w  is  oblique).  It  follows  from  the  results  of  [15]  and  the 
assumption  (2.15)  that  (2.14), (2.23)  has  a  unique  solution  m  which  is  bounded 
and  holomorphic  for  X  eC\/R  and  has  a  continuous  limit  on  R"  x  ;R.  More¬ 
over,  m  is  smooth  with  respect  to  j;  hence  our  assumptions  imply  also  that  it  is 
smooth  with  respect  to  y.  These  considerations  give  us  many  of  the  properties  of 
m,  which  is  defined  by 


m(y  +  jtv,  X )  =  m(s.  X;  w.  y ),  v  1  tv. 


(2.24) 


To  show  that  m  satisfies  the  full  set  of  equations  (2.8).  we  use  the  compatibil¬ 
ity  conditions  (GWE).  It  is  most  convenient  to  choose  new  variables  x  = 

(jf[ . xn)  by  an  orthogonal  change  of  coordinates  in  R"  chosen  such  that 

d/dxi  =  d/ds.  The  desired  equations  (2.8)  take  the  form 


for  j  >  1.  and 


OftX 

—  X  J , ' .  m  +  Q '  m  s  R ' .  r 


dm  dm  .  ,  ,  ,  _ 

Jf  =  77  =  X  [  J.  .  m  ]  +  Qm  =  Rm 


(2.25) 


i  and  K  T#n*n6i* 


IN  Uj  Aftlowwa  A 

The  compatibility  condition*  (GWE)  imply 

d£  -  QQ  -  *  Q  Q-  <2  26) 

\J  Q\  -  [■/..<?;!.  ;>1  <2  27) 

The  solution  to  (2  14)  satisfies  the  integral  equations  (see  (15J) 

*(i.A)  -  /  ♦ /'  ♦((r-f)A)((></)«(/.A)jd/.  (2.28) 

where  the  limit  ±  »  depends  on  the  matrix  entry  and  on  the  sign  of  Re  X.  while 
$  operates  on  matrices  by 


We  utilize  (2.27)  (employing  shorthand  notation)  to  compute 


(2.29) 


-X[y/,m]  -  f  *l^m  +  Qj=r--\[j;.Qm\\dt 


dQ 


dm 


Thus 


=  0'm  +  J  $  |  Q  Ij-  -  X  [  J/,  m  ]  -  Q^m  J  dt 


(2.30) 


dm 


w, 


T-R’m-  h 


dm 


dt. 


(2.31) 


which  implies  (2.25).  [Note  that  the  asymptotic  conditions  were  used  in  the 
calculation  (2.30),  to  eliminate  a  boundary  term  in  the  integration  ]  This  com¬ 
pletes  the  proof  of  Theorem  2.2. 

We  turn  now  to  the  properties  of  the  scattering  data  V.  We  introduce  an 
automorphism  of  2 n  x  2 n  matrices: 


B° 


(2.32) 


Generalized  Wave  and  Sine-Gordon  Equations 


187 


THEOREM  2.3.  The  scattering  data  V  have  the  following  properties: 

eachentryof  V-  I  belongs  to  the  Schwartz  space y(tR):  (2.33) 

y(-\)  ,  y(\)‘  =  TTX)  =  [K(A)']_l.  (2.34) 

Proof:  (2.33)  follows  from  results  in  (15].  To  obtain  the  symmetries  (2.34), 
observe  first  that  Jj  and  Qt  are  real  and 

J<  -  Jj  =  ~  •//,  Qj  =  -Q'j  =  Q”r  (2  35) 

It  follows  m( x,  X)  satisfies  the  same  equation  as  m( s,  X)  and  that  both  m(x,  X)° 
and  [m{x,  X)"1]'  satisfy  the  same  equation  as  m(x,  -  X).  The  boundedness  and 
asymptotic  conditions  are  also  satisfied,  so 

m(jc,  X)  =  m(x,  X) , 

m(x,X)  =  [m(x,X)  =  n»(x,X)9 

Therefore 

(/(-A)  =  m_(0,-X)_1m,.(0,  -  X) 

=  m+(0,X)'[m_(0,Xr1]'  =  K(X)'.  (2.38) 

and  similarly  for  the  remaining  symmetries. 

Let  us  remark  here  that  the  construction  of  m  by  a  Neumann  series  implies 
the  estimates 


(2.36) 

(2.37) 


||m||  £  (l-*)’1.  l|nr  -  /||  £  k(l  -  k)  1 
||«-,||  5  (1-Hr)'1.  Urn" 1  -  /||  <  k(\-k)~\  (2.39) 

where  k  <  1  is  the  constant  of  (2.15).  It  follows  that 

\\V- /H  £  2k(l  -  k)  2. 

In  particular, 

\\V~  /||  <;  1  if  0  s  k  <  2-  VT . 


We  conclude  this  section  with  a  brief  discussion  of  normalizations  and  the 
relationship  of  this  treatment  of  the  forward  problem  to  that  in  (15).  The 
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normalization  (2.17)  depends  on  the  choice  of  a  direction  w;  therefore  the 
solution  m  and  the  associated  scattering  data  V  depend  on  w.  In  (15),  with  n  =  1, 
the  normalization  was  made  at  -oo  and  the  resulting  scattering  data  V  had 
certain  principal  minors  identically  equal  to  1.  Here,  the  same  considerations 
show  that  for  a  given  direction  w  certain  principal  minors  of  the  associated 
scattering  data  V  are  *1.  In  the  absence  of  a  single  natural  oblique  direction, 
we  have  chosen  to  consider  all  possible  scattering  data  and  have  not 
imposed  conditions  on  principal  minors.  We  return  to  this  question  at  the  end  of 
Section  3. 

3.  The  inverse  problem  for  the  GWE 

Suppose  V:  iR  -*  SL(2/i,C)  is  a  matrix-valued  function  which  satisfies  the  condi¬ 
tions  (2.33)  and  (2.34).  Suppose  also  that 

||P(X)-/||  <1.  Ae/R.  (3.1) 


Theorem  3.1.  For  each  i£R"  there  is  a  unique  matrix-valued  function  m(x,  ■ ) 
which  is  bounded  and  holomorphic  on  C\/R,  with  continuous  limits  m  ±  on  iR.  and 
which  satisfies 

mAx,  A)  =  m_(jt.A)eA*  JV(\)e-XxJ.  A  e  «R. 

lim  m(x, A)  -  I.  (3.2) 

1*1  —  00 

The  function  m  is  smooth  on  R"  x(C\/R)  and  satisfies  a  system  of  equations 

=  A[/r  m]  +  QJ{x)m,  (3.3) 


Moreover,  the  data  {ary/}  are  asymptotically  flat  in  every  oblique  direction  in  R 

This  theorem  essentially  follows  from  results  in  [15].  One  way  to  obtain  the 
equations  (3.3)  is  to  note  that  the  function  n/  =  dm/dx/  -  A(7(.  m]  also  satisfies 
the  Riemann-Hilbert  condition  (3.2),  from  which  it  follows  that  Q ,  =  n tm  1  is 
continuous  across  /R.  Therefore  Q t  is  entire;  it  is  bounded,  hence  independent  of 
A.  which  gives  (3.3).  The  symmetry  conditions  (2.34)  imply  that  m(x.  A). 
[m(x,  -  A)'1)',  and  m(x,  -  A)”  also  solve  the  Riemann-Hilbert  problem  (3.2). 
By  uniqueness,  m  has  the  symmetries  (2.36)  and  (2.37).  Therefore  Qt  is  real  and 


T 


vjir. 


<^r*'r*-v'.  v*r^k  jr.  •* »  *V'’.  »*.  • 


V, 
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has  the  symmetries  (2.35).  which  in  turn  give  (3.4).  Finally,  an  oblique  direction  w 
corresponds  to  a  diagt.ial  matrix  Jw~ZwjJj  having  distinct  entries,  and  the 
results  of  [15|  give  rapid  decrease  of  the  data  Q  along  lines  in  the  direction  w  as 
desired. 

Remark:  The  data  Qt  generally  do  not  decrease  rapidly  in  directions  which  are 
not  oblique. 

To  connect  this  result  to  the  GWE,  we  need  one  more  step. 

Lemma  3.2.  There  is  a  function  a :  R "  -*  SO  ( n )  such  that 


,  da 


(3.5) 


Proof:  The  compatibility  relations  for  the  system  (3.3)  imply 


+  a a  a 

dxt  +  a/a*  =  TTt 


(3.6) 


These  in  turn  are  the  compatibility  relations  for  (3.5).  If  a  solves  (3.5)  then 
d(aa)/dX/  a  0.  so  we  can  guarantee  that  atSO(n)  by  choosing  it  to  belong  to 
bO(n )  at  a  specified  point  or  asymptotically  in  some  oblique  direction. 

A  solution  of  (3.5)  is  unique  up  to  left  multiplication  by  a  fixed  element  of 

SO(n).  If  a  ,s  any  such  solution,  we  refer  to  {o.y, }  as  inverse  data  for  the 
function  V.  n 

Theorem  3.3.  If  { a.  y/ }  are  inverse  data  for  V ,  they  satisfy  the  GWE. 

Proof.  We  simply  reverse  the  procedure  at  the  beginning  of  the  preceding 
section.  The  function  6 


q  U2m(x,\)eXx  J 


(3.7) 


satisfies  the  system  (1.14).  so  (a,  Y/)  satisfy  the  GWE. 

Let  us  connect  the  inverse  data  explicitly  to  the  asymptotics  of  m  in  X.  By 
[I5J.  m  has  an  asymptotic  expansion 


*( x,  X )  -  £  m„(  x  )X ' ", 


x 


» -o 


(3.8) 


This  expansion  can  be  differentiated  term  by  term,  giving 

d  , 

=  Q,m.  +  K  •  1- 


(3.9) 


V*  nja 

K 

! 


r 


«•*  •*  -*  1 
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In  particular,  m0  *  I  and  so  we  obtain 

Qj(x)  -  ~  [//•  "*,(-*)] 

-  -  lim  Xf/y.m(jr,X)l.  (3.10) 

A  —  *5  1 


This  gives  another  method  for  deriving  the  symmetries  (2.35)  of  Q  from  symme¬ 
tries  (2.36)  and  (2.37)  of  m. 

As  we  noted  at  the  end  of  Section  2,  different  functions  V  may  occur  as 
scattering  data  for  the  same  inverse  data  unless  some  further  normalization  is 
imposed.  Therefore  to  complete  the  analysis  of  the  relationship  between  solutions 
of  the  GWE  and  scattering  data,  we  need  to  know  when  two  functions  Vlf  V2  as 
above  give  rise  to  the  same  inverse  data.  Let  mt,  m2  be  the  associated  solutions 
of  (3.2).  If  the  inverse  data  are  the  same,  then  by  Proposition  2.1, 

m2(x,X)  w  /*,(*. X)A(X),  XeC\iR,  (3.11) 

where  A  is  diagonal  and  holomorphic  and  has  boundary  values  A  ±;  moreover 
A( X )  -» /  as  |  X  |  -►  oo.  Now  A  has  the  same  symmetry  properties  as  m,  so  A  is  the 
solution  of  a  Riemann-Hilbert  problem  (2.3)  for  a  diagonal  V.  Clearly  K,  and  V2 
are  related  by 


*2-(A-)'V*.  (3.12) 

In  particular.  V  gives  trivial  inverse  data  if  and  only  if  V  is  diagonal.  Conversely, 
if  V2  and  Vx  are  related  by  (3.12),  where  A  t  are  the  boundary  values  of  the 
solution  to  (2.3)  for  a  diagonal  V,  then  Vx  and  V2  have  the  same  inverse  data. 


4.  A  well-posed  initial-value  problem  for  the  GWE 

The  result  of  the  preceding  two  sections  both  suggest  and  solve  an 
initial-boundary-value  problem  for  the  GWE.  Let  us  say  that  a  solution  {a,y/} 
of  the  GWE  is  small  if  there  is  some  oblique  direction  such  that  the  associated 
data  { ay,  y/ }  are  both  small  and  asymptotically  flat  in  that  direction.  As  before,  if 
w  is  a  direction  (unit  vector)  in  R "  and  y  is  orthogonal  to  w,  we  parametrize  the 
line  L(w,  y)  by  s -+ y  +  sw.  Without  loss  of  generality  we  may  translate  the 
coordinates  and  take  y  -  0. 

Theorem  4.1.  Suppose  w  is  an  oblique  direction  in  R".  Suppose  a:  L(*v,0)  — • 
SO(n)  and  y:L(w,0)  —  Mn(R)  are  smooth  mappings  such  that  a  =  -  a'  dd/d s 
and  y  are  Schwartz  functions  of  s,  y‘  +  y  ■  0,  and 
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Then  there  is  a  unique  small  solution  { a,  yt }  of  the  GWE  such  that 

a(s)  *  a(sw), 

y{s)  s  Lw,yy(sw).  (4.1) 

Proof:  Let  m  be  the  solution  of 

X)  =»  Xf./.,,  m]  +  Qm,  lim  m(j, X)  =  /,  (4.2) 

where 


e ?)t4- 

There  is  a  mapping  V:  ;R  -♦  SL(n,C)  such  that  for  X  e  <R, 

m  +  (s,  X)  =  m.(j,X)ew-T(X)e'w».  (4.3) 

Note  the  term  ex,7-l^(X)e'x,y-  is  the  specialization  to  the  line  L(  w,0)  of 
eK*  JV(\)e~Xx  J.  Thus  factorization  of  this  latter  function  gives  us  an  extension 
to  R"  of  in.  V  satisfies  the  hypotheses  of  Theorem  3.1,  so  there  is  an  associated 
solution  m  of  the  Riemann-Hilbert  problem  (3.2)  and 

m(s,\)  =  m(sw,X).  (4.4) 

Let  {a,y,}  be  inverse  data  for  V,  normalized  so  that  a(s,w,y  =  0)  -  a(s). 
Because  of  (4.4)  we  obtain 


«(j)  s  £w;a;(sw), 

r(j)  =  £wyYy(sw).  (4.5) 


The  first  identity  implies 


da  .  da  .  .  , 

—  a  =  ~ra  on  L(w,Q), 
as  as  v  ' 

so  we  obtain  a  3  j  on  L(w,0).  This  completes  the  proof  of  existence.  Uniqueness 
follows  from  the  fact  that  the  scattering  data  associated  to  a  small  solution 
{a,  yy)  and  to  the  direction  w  are  uniquely  determined  by  m  on  L(w,0)  and 
therefore  are  uniquely  determined  by  the  functions  a  and  y  defined  by  (4.5). 
Therefore  the  scattering  data  are  uniquely  determined  by  the  functions  (4.1).  The 
scattering  data,  in  tum,  determine  and  determine  a  up  to  left  multiplication 
by  a  constant  matrix.  Since  a(s,H\0)  =  a(s)  is  prescribed,  the  proof  is  complete. 
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Remark:  One  can  think  of  V(  X )  as  the  initial  values  for  the  function 

-  ek'  JV(\,0)e-xr  J.  (4.6) 

Replacing  V(\)  in  (4.3)  by  V^X,  y)  gives  the  evolution  of  m  to  all  values  of  R", 
which  in  turn  corresponds  to  m.  This  is  in  analogy  to  the  standard  situation  in 
1ST  problems. 


5.  The  forward  problem  for  the  GSGE 

Here  we  assume  the  GSGE  and  consider  the  associated  spectral  problem  (1.17). 
Unlike  the  GWE,  this  problem  cannot  easily  be  transformed  to  a  single  standard 
form.  Nevertheless  we  shall  still  associate  a  factorization  problem  of  Riemann- 
Hilbert  type  with  (1.17). 

Once  again  we  denote 


and  we  let  #  denote  the  automorphism 


where 


In  particular. 


We  set 


**■(!  °H 


U  -  diag(  +  l,  -1,  -l . -1)  e  Mn 


JT  *  A.  J,m  -  1  <;s». 


i(x,z)  =  u2  lf(x,z). 


so  that  the  spectral  problem  (1.17)  becomes 


di  z  -  -  1  -  - 

Jx,  "  2A'++2lBJ++Cs+’ 


AJ  -  B)  -  Uf'Bfr.  Cj  -  Uf'qUt 
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The  trivial  (unperturbed)  solution  a*  I,  yy  *  0  of  the  GSGE  has  the  associated 
equation 

*•',<■>*  <58» 

which  has  a  solution  exp(x-,/(z)].  We  view  (5.6)  as  a  perturbation  of  (5.8)  and 
look  for  a  solution  in  the  form 

i l(x,z)  -  m(x,  z)ex  J{*\  (5.9) 

The  equations  for  m  are  then 

-  \z\Ajm  -  mJj\  +  -  mJ*\  +  Cym.  (5.10) 

As  before,  we  normalize  by 

m(-,  z)  is  bounded.  (5.11) 

Definition  5.1.  The  direction  w  in  R"  is  principal  if  |w,|  >  |wy|  for  1  <  j  <,n. 
Anticipating  the  argument  below,  let  us  consider 

•M*)  a  £",•/,(*)  -  «)•/,  +  L  »yX(z)7y.  (512) 

i-i 

This  matrix  is  diagonal  with  entries  ±  w,6(z),  ±  wy6(z),  ±  wyX(z),  1  <  j  £  n.  The 
set  of  z  in  C  such  that  two  distinct  diagonal  entries  have  the  same  real  part 
always  contains  the  set 

2  -  iRu{z:|z|-l),  (5.13) 

i.e.  the  union  of  the  imaginary  axis  and  the  unit  circle.  It  is  equal  to  this  set 
precisely  when  the  direction  w  is  oblique  and  principal 

Definition  5.2.  The  data  {a,ay,yy}.  where  again  a,m  -  are  sma ^  tn 

the  direction  w  if  for  every  y  1  w,  ’  1 

f  ||Q(r.w.  >)l!dr  +  i  j  ||a(>'  +  w)-l||ds  £  k  <  1.  (5.14) 

*  —  00  L  J  *  30 

Here  again 

Q  -  L",Q,  -  °) 


194 


M.J.  AMowitz.  R.  BMM.  and  K.  Tananbiat 


We  say  that  the  data  { a,  ay,  yt }  are  asymptotically  flat  in  the  direction  w  if  { aJ,  y/ } 
are  asymptotically  flat  in  the  direction  w. 

Theorem  5.1-  Suppose  the  data  { a,  a  ,  yt }  are  small  and  asymptotically  flat  in 
some  principal  oblique  direction  w.  Then  for  each  z  e  C\2  there  is  a  unique  m(  • ,  z ) 
which  satisfies  the  system  (5.10),  (5.11)  and  such  that  for  each  y±  w 

lim  m(y  +  sw,  z)  -  I.  (5.15) 

S  -•  -  00 


Moreover ,  m  is  bounded,  m(x,  • )  is  holomorphic  on  C\2,  and  m( x,  )  has 
continuous  limits  on  2  from  each  of  the  five  components  of  C\2. 

To  be  specific,  let  us  denote  by  m+  the  limit  on  2  from  the  components 
{|*|  >1,  Re*  >  0}  and  (|*|  <1,  Re*  <  0},  and  denote  by  m.  the  limits  from  the 
other  two  components. 

Corollary  5.2.  There  is  a  matrix  valued  function  V :  2\{  ±  i }  -»SL(2n,C) 
such  that 

m  +  (x,z)  =  m_(x,z)ex  •/<i)K(*)e~'  J<:\  (5.16) 

As  before,  we  define  V  to  be  the  scattering  data  associated  to  (a,  y,)  and  the 
direction  w.  To  prove  Theorem  5.1,  we  make  two  transformations.  First,  let 

m'(x,z)  -  iV'jo  °jf/2w(jc,*) 

-  U  'U2m(x.z).  (5.17) 

Then  the  system  (5.10)  becomes 

4r  -[/,(*). m'J  +  Q',m'.  (5.18) 

/ 

where 


Along  a  line  L(w,  y),  (5.18)  leads  to 

”  [-f.(r).  *]  +  Q 


m ( • ,  * )  bounded. 


lim  m( s,  *)  -  /, 


(5.20) 
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where 

Q'(s,z)  "  £>'(s,  *;*.>’)  -  Lw,(>;(>’  +  iw,z).  (5.21) 

Although  this  problem  is  not  identical  to  that  considered  in  [IS],  nevertheless  the 
methods  of  [15j  apply  to  give  the  existence  of  a  unique  solution  m(-,z)  = 
m(  ■ ,  z ;  w.  y )  for  all  :6C\Z  such  that 

r  \\Q'(s,z)\\ds  <1.  (5.22) 

J  -  30 

The  integral  in  (5.22)  is  majorized  by  that  in  (5.14)  when  |z|sl.  Changing  to 

m'(y  +  sw.z)  ■  m(s,  z\ w,  >>)  (5.23) 

and  arguing  in  Section  2,  we  see  that  n,  -*  t/2"  lUm’  has  the  desired  properties  for 
all  |z|  ^  1.  To  obtain  results  for  jz|  si  we  can  either  use  a  second  transformation 
or  take  advantage  of  a  symmetry.  Note  that 

y,(l/z)  =  /,(;)* 

Bm  =  Ar  a;  =  Br  C*  =  cr  (5.24) 

Therefore  m(x.  1/z)*  satisfies  the  conditions  for  |z|sl.  This  completes  our 
sketch  of  the  proof  of  Theorem  6.1. 

As  for  the  GWE,  one  has  symmetry  properties  in  addition  to  (5.24),  namely 
that  Jr  J",  AJt  Br  Ct  are  real  and 

j,(z)  -  w  - 

b,  =  b;  =  -  b;. 

Cf  =  -  c;  =  c;.  (5.25) 

Thus  one  has 

m(x,z)  =  [m(x.z)  ’]  =  m(x,z)°, 
m(x,z )  =  m(x.z).  m{x,\/z)  =  m(jc.r)*.  (5.26) 


The  symmetries  of  V  are  an  immediate  consequence. 


r 
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Theorem  5.3.  The  scattering  data  V  have  the  symmetry  properties 

V(-s)  -  Y(z)'  -  \v(z)-x}\ 

H(z)-H(z).  ^(7)  -  kUrT-  (5  27) 


The  analytical  properties  of  V  can  also  be  deduced  from  the  results  of  [15].  As 
given  above,  V  is  defined  on  each  of  the  five  components  of  2\{  ±  /}.  We  join 
the  two  unbounded  components  by  compactifying  at  so  and  set 

2,  -  {|z|  -1,  Rez  >  0). 

Ij  -  {z  +  z-0,  |z|  >  1). 

2j  -  { |z|  —  1 ,  Rez  <  0), 

24  -  (z  +  z’-O,  |z|  <  1} .  (5.28) 

For  convenience,  we  denote  restrictions  by 

j  -  1.3, 

J  -  2,4.  (5.29) 


K  - 


y 

a 


K  - 


Theorem  5.4.  Each  Vt  has  a  smooth  extension  to  the  closure  of  2y.  Each 
derivative  of  V-  l  is  0(zN)  as  z  —0  and  0{z~N)  as  z  —  so,  for  each  integer 
ffiO.  At  ±i  the  V;  satisfy/  consistency  conditions 


y,  w(±'i  -  /. 


(5  30) 


More  generally ,  for  each  integer  jV^O  there  are  matrix-valued  polynomials  pt  of 
degree  N  such  that 


-  [a>,(*-/)]~‘p,«.i(*-0  +  0(z-tr*') 


as 


i.  (5.31) 


with  similar  conditions  at  -  i,  where  we  take  P}  -  Pv 

As  motivation  for  the  next  section  we  note  that  the  function  m'  in  (5.18) 
extends  to  C\2  and  is  the  solution  of  the  Riemann-Hilbert  factorization  prob¬ 
lem  (5.16)  which  is  characterized  by 


lim  m’(x.  z)  -  l. 


(5.32) 


a 


a 


3 

.  *j 

» 

.  i 

.’.5 

•'."i 

-V 


§ 

► 

* 

"j 

0 


■;  .0,7,  ^ ->  A.)  of  *  ^ 
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6.  Hie  inverse  probtem  for  the  GSGE 

Let  V\  £  -»  SL(2n,C)  be  a  matrix-valued  function  satisfying  the  symmetry  condi¬ 
tions  in  Theorem  S.3  and  the  smoothness,  decay,  and  consistency  conditions  of 
Theorem  S.4.  Suppose  also  that 

|K(X)-/||£*'.  Xes.  (6.1) 

where  k'  is  a  sufficiently  small  positive  constant.  Then  by  the  methods  of  (15), 
for  x  e  R  there  is  a  unique  function  m'(x,  •),  holomorphic  on  C\2  with  limits 
on  2,  such  that 

m\(x,z)  ■  m'_ (x, z)ex  J(:)V(z)e~x  J,:\ 

lim  m'(jt,  z )  »  /.  (6.2) 

I -l  -  * 

The  function  m'  is  smooth  up  to  the  boundary  on  R"  x(C\2),  and 

m'(x.z)  =  /  +  0(z~l),  |z|  -*  oo,  (6.3) 

00 

m'(x.z)  -  £  m’,(x)z\  :  -»  0.  (6.4) 

*-o 

Moreover,  in  any  principal  oblique  direction  w,  for  ylw  and  A  e  C\2 

lim  m’(y  +  rw,  X)  =»  A  ±,  (6.5) 

1  —  t  00 

where  A  t  is  diagonal.  The  convergence  in  (6.5)  is  0(|r|~v)  for  every  N,  and  the 
same  is  true  for  derivatives  of  m'.  Also,  m'  and  its  inverse  are  bounded  functions. 
In  view  of  these  properties  the  functions 

m') )("*')  1  (6-6) 

are  holomorphic  on  C\2,  continuous  across  2  except  at  z  =  0.  bounded  at  oo. 
and  0(l/z)  as  z  -*  0.  For  any  fixed  x  such  a  function  is  affine  in  :  ~  Therefore 
m'  satisfies  a  system  of  equations  which  we  can  write  in  the  form 

3-./  i 

-fc-  *  [•/,(*)• «']  +  27 (  +  c;m’.  (6.7) 

where  B'  -  B‘( x )  and  C/  -  C/(x ). 

The  asymptotic  expansion  (6.4)  can  be  differentiated,  and  (6.7)  implies  in 
particular  that 


B;m'0  =  m'0J; 


(6.8) 


m"(  x.  :  )  =  m'i  x.  -) 


(6.16) 
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Thus 


so  that 


)*m"  satisfies  (6.2),  so 

m'(x.z)  =  (mo1)*m"(JC,  -)• 

(6.17) 

m'o  = 

(6.18) 

g  =  *'• 

(6.19) 

Since  also  g2  =  g'g  =  1,  g  has  eigenvalues  ±1.  Now  g  depends  continuously  on  V 
and  g  as  /  when  V  =  /.  Thus  g  is  symmetric  with  all  eigenvalues  + 1 ;  hence 


g  =  l. 

Combining  (6.8),  (6.12),  (6.15).  and  (6.20),  we  obtain 


P,  =  fuej 


Now  (6.21)  implies  that  for  j  *  k. 


The  compatibility  relations  for  (6.7)  include 


(6.20) 


(6.21) 


(6.22) 


j^c;  4-  c/c*  +  i(jtB'k  +  V* )  =  37;  Q  +  Q'C/  +  i( 


(6.23) 


In  view  of  (6.22)  and  (6.12).  (6.23)  implies 


da, 

dxk 


+  a, a,  = 


dak 


+  a,a,. 


(6.24) 


These  are  precisely  the  conditions  for  solving  for  a  with 


a, 


-  a' 


da 


(6.25) 


We  can  require  that  a  —  I  as  t  -•  -  *  along  a  family  of  principal  oblique  lines. 
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Then  since  a,  is  skew  symmetric  (and  real), 

a:R"  -  SO(n).  (6.26) 

DEFINmON  6.1.  {a,  }  is  inverse  data  for  the  function  v. 

Theorem  6.1.  The  inverse  data  { a.  }  satisfy  GSGE. 

Proof:  Let 

u{x)  ~  (a(0X)  z)1'2,  (627) 

and  set 

+  (x,z)  =  U(x)m'(  x,z)e*J(:).  (6.28) 

Then  the  equations  (6.6)  become 

d\L  1 

+  2zBj^  +  (6  29) 

where 


0 

ae  \ 

AJ 

-  VJJU~X  - 

eja< 

J  1 

0  / 

(6.30) 

l  0 

be  \ 

*, 

-  ub;wx  - 

U* 

0  / 

(6.31) 

,  dll 

.  /  0  0  \ 

C, 

-  UCV1  -tt-U- 
1  dXj 

'-(•  »,)• 

(6.32) 

b  *  afu.  (6.33) 

To  complete  the  proof  we  only  need  to  prove 

b  —  ua.  (6.34) 


Let  us  write 
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Then  we  want  to  prove 

A,  =  BJ.  (6.36) 

To  prove  (6.36)  we  write  the  compatibility  conditions  for  (6.29)  in  the  notation  of 
matrix-valued  differential  forms.  Let 

A  =  ZA,dxr  B  =  ZBJdxJ,  C  =  £Cydx,.  (6.37) 

The  compatibility  conditions  are 

AAA  —  0=BaB, 

dA  =  A  A  C  +  C  A  A,  JB  —  AaB+BaA, 

dC  =  CAC  +  AAB  +  BAA.  <6-38) 

Since  C  -  Cr  =  Y.CJ  dxr  we  have 

d(A-  BT)  =  (A-  Br)  a  C  +  C  A  (A-  B').  (6.39) 

Now 

=  U(j/m-B;)mU'1,  (6.40) 

and  we  know  that  J*  -  BJ  vanishes  asymptotically  in  certain  directions.  It 

follows  from  this  fact  and  (6.39)  that  A  -  Br  a  0. 

Remarks: 

(1)  As  for  the  GWE.  the  data  (ar  Yy))  can  be  recovered  from  the  asymptotics 
of  m'  as  z  -»  oo  as  in  (3.10).  Thus  the  orthogonal  matrix-valued  function  a  is  also 
determined  implicitly  by  these  asymptotics. 

(2)  The  data  {a,a;,yy}  are  small  in  every  principal  oblique  direction  if  the 
constant  k'  of  (6.1)  is  small  enough,  and  are  asymptotically  flat  in  every  principal 
oblique  direction. 

(3)  As  for  the  GWE,  two  functions  Vx  and  K,  give  rise  to  the  same  inverse 
data  if  and  only  if 

V2  =  (A_)'V,A..  (6.41) 

where  A  is  the  solution  of  the  Riemann-Hilbert  factorization  problem  (6.2)  for  a 
diagonal  matrix-valued  function  on  2.  In  particular,  V  gives  the  trivial  solution 
of  the  GSGE  if  and  only  if  V  is  diagonal. 


I  *  i. 
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7.  A  well-posed  initial-value  problem  for  the  GSGE 

With  the  same  conventions  as  in  section  4,  one  has  the  same  conclusion: 

THEOREM  7.1'.  Suppose  w  is  a  principal  oblique  direction  in  R Suppose 
a  -  Z-(jc,0)  -»SO(n)  and  y  *  L(W,Q)  -*  A/„(R)  are  smooth  mappings  such  that 
a  =  -  a '  da  /as  and  y  are  Schwartz  functions  y  +  y'  =  0,  and 

/  l|«(j)ll<fr  < 

J  -  30 


where  k0  is  a  sufficiently  small  positive  constant.  Then  there  is  a  unique  smalt 
solution  { a,  y  }  of  the  GSGE  such  that 

a(s)  = 

y(s)  =  L»y,y,(rw).  (7.1) 

The  proof  is  the  same  as  the  proof  of  the  analogous  result  for  the  GWE  in 
section  4,  hence  is  omitted. 
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and 
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In  this  paper  we  will  review  some  recent  work  done  in  the  field  of  integrable  nonlinear  evolution  equations  and  inverse 
scattering.  We  will  concentrate  on  the  basic  underlying  areas  and  refer  interested  readers  to  suitable  references  for  complete 
details;  specifically  background  material  can  be  found  in  various  texts  on  this  subject  (e  g.  [1)  by  Ablowitz  and  Seguri  More 
recent  references  will  be  given  as  necessary.  The  outline  of  the  paper  is  as  follows. 

1)  Introductory  remarks. 

2)  A  discussion  of  two  separate  but  related  issues.  Namely,  (a)  solving  certain  nonlinear  evolution  equations  in  infinite  space; 
and  (b)  inverse  scattering.  These  are  important  problems  having  many  physical  applications.  Moreover,  they  are  related  to  each 
other  by  what  we  refer  to  as  the  Inverse  Scattering  Transform  (1ST). 

3)  At  the  end  of  the  paper  we  will  make  some  remarks  on  the  possibility  of  solving  nonlinear  evolution  equations  in  high 
dimensions  (i.e.  equations  with  more  than  two  spatial  and  one  time  variable)  by  using  the  1ST  method  as  we  now  understand  it 


1.  Introduction 

The  prototype  nonlinear  evolution  equations  for  our  purposes  will  be  the  Korteweg-deVries  (KdV) 
equation 


u,  —  6  uux  +  uxxx  =  0  ( 1 1 

in  one  spatial  dimension,  and  the  Kadomtsev- Petviashvili  (KP)  equation 

(u,-6uux  +  uxxx)x=  ~3a2u,y  (2) 

in  two  spatial  dimensions.  (It  turns  out  that  the  sign  of  a 2  is  critical:  there  being  two  cases  labeled  by  KP,: 
o2-  -I;  KP„  =  c2=l.) 

Historically  speaking,  the  KdV  equation  was  the  first  equation  solved  (on  the  infinite  line)  by  use  of 
inverse  scattering.  Subsequently  numerous  other  equations  of  physical  interest  in  one  spatial  dimension 

were  solved  e.g.  nonlinear  Schrodinger,  sine-Gordon,  three-wave  interaction,  modified  KdV,  Boussinesq . 

These  equations  are  all  partial  differential  equations.  In  fact,  there  are  other  equations  which  are  discrete  in 
space  and  continuous  in  time  (differential-difference)  and  equations  discrete  in  both  space  and  time  which 
also  may  be  solved  by  1ST.  One  other  class  of  equations  in  one  spatial  and  one  time  dimension  fit  into  this 
scheme,  namely  nonlinear  singular  integro-differential  equations:  with  the  prototype  being  the  so-called 
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Intermediate  Long  Wave  equation  [2a], 

u,  +  jux  +  2uux  +  (Tu)xx~0,  coth  jj(£-x)u(£)df 


<»  $ 


As  5  -*  0,  (3)  tends  to  the  KdV  equation  (with  appropriate  coefficients)  and  as  8  -»  oo  it  tends  to  the  v^j 
so-called  Benjamin-Ono  equation 

..  l  /  Lt..\  _  ft  II  _  ^  At  i  A\ 


u,  +  2uux  +  (Hu)xx  «»  0,  a. 


The  method  to  solve  (4)  was  recently  found  and  it  has  certain  features  in  common  with  some  two-dimen¬ 
sional  problems  -  specifically  KP,  (see  [2b]). 

It  should  also  be  remarked  that  some  ode’s  can  also  be  solved  by  similar  methods;  specifically  the 
classical  equations  of  Painleve  (see  for  example  [3]).  We  will  not  dwell  on  this  aspect  any  further  in  this 
lecture. 

In  two  spatial  one  time  dimension  the  KP  equation  is  only  one  of  the  equations  that  can  be  solved  in 
infinite  space.  However,  an  effective  method  was  not  realized  until  a  short  time  ago.  The  important  new 
idea  of  treating  inverse  scattering  as  a  “d  problem”  (see  [9a])  was  used  in  [4]  to  solve  KP„  and  paved  the 
way  for  the  development  of  the  1ST  for  a  wide  class  of  equations  in  2  +  1  dimensions  (a  review  of  this  and 
related  work  can  be  found  in  [5a,  b]).  It  should  be  mentioned  that  earlier  work  on  KP,  had  been  done  by 
Manakov  [6a]  and  more  recently  by  Fokas  and  Ablowitz  [6b]  and  on  the  multidimensional  three-wave 
equation  by  Comille  [7a]  and  Kaup  [7b].  KPn  and  others  like  it  depart  significantly  from  previous  work 
and  its  study  has  led  us  to  develop  a  general  method  to  do  inverse  scattering  in  n  spatial  dimensions  as  we 
will  indicate  in  this  review  (see  [8&,b,c]). 

The  concept  of  treating  inverse  scattering  as  a  "d  problem”  was  originally  discussed  by  Beals  and 
Coifman  in  their  study  of  first  order  systems  of  differential  equations  [9a].  Beals  and  Coifman  have  also 
recently  considered  multidimensional  inverse  scattering  via  d  methods  [9b]. 

It  should  be  noted  that  important  contributions  in  the  study  of  multidimensional  inverse  scattering 
associated  with  the  time-independent  Schxddinger  problem  have  been  made  by  Faddeev  [10]  and  Newton 
[11].  In  one  dimension  we  also  note  the  important  contributions  of  Shabat  [12a],  Mikhailov  [12b]  and 
Caudrey  [12c].  Some  of  the  work  in  this  review  is  related  to  these  studies  although  the  methodology  is 
different. 

2.  Inverse  scattering  and  titer  inverse  scattering  transform 

The  method  of  solution  by  1ST  begins  with  the  study  of  two  compatible  linear  operators  (Lax  pairs) 
( L  depends  on  one  or  more  “potentials”  or  functions  which  we  call  u) 


Lv  -  \v, 
v,  =  Mv, 

connected  by  the  compatibility  condition 


L,  +  [L,3/]«  0. 


(7) 
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when  the  flow  is  isospectral,  A,  =  0.  (7)  is  the  nonlinear  evolution  equation  to  be  solved.  A  is  a  spectral 
parameter,  which  as  it  turns  out  loses  significance  in  spatial  dimensions  greater  than  one.  L  is  a  spatial 
operator  only;  with  time  acting  as  a  parameter.  The  parametric  dependence  in  time  is  what  allows  us  to 
study  the  question  of  inverse  scattering  separately  and  then  after  this  task  is  completed  allows  us  to  solve 
the  relevant  nonlinear  equation  (7).  For  KdV  the  operators  are 

L-jp;-u,  M  =■  (4A  +  2u)-^  -  ux.  (8) 

The  reader  can  now  verify  that  (7)  yields  (1).  It  should  be  noted  that  there  are  generalizations  of  (5)-(7), 
but  we  shall  not  be  concerned  with  that  here. 

The  direct  (or  forward)  scattering  problem  associated  with  L  means  given  a  potential,  in  a  desired 
function  class,  and  solve  for  eigenfunctions  corresponding  to  suitable  initial  or  boundary  conditions. 
Usually,  appropriate  eigenfunctions  are  defined  in  terms  of  an  integral  equation  (e.g.  via  Green's 
functions).  From  the  eigenfunctions  scattering  coefficients,  eigenvalues,  etc.  can  be  calculated.  Call  the  set 
of  all  such  data  obtainable  from  the  solution  of  (S)  S. 

The  inverse  problem  is  as  follows.  Given  some  subset  S  of  S  (i)  reconstruct  the  eigenfunctions  and  the 
potential;  (ii)  characterize  the  analytical,  algebraic,  and/or  topological  constraints  on  the  data  in  order  to 
find  a  potential  in  the  desired  function  class. 

In  recent  years  significant  strides  forward  have  been  made  in  regard  to  the  solution  of  those  inverse 
problems  motivated  by  the  study  of  nonlinear  evolution  equations.  Examples  in  one  dimension  are 

(0  +  L  u°)(x)£p^Js‘*v’  «<'>(*),  t,(*.  A)  scalar  [see9c]; 

(ii)  ^  “  i\Ju  +  qv,  v(x,  A),  q(x)  €  CNxN,  /  =  diag(/1 . Js),  (/'  *  J1,  i  *j)  [see9d]. 


In  multidimensions  examples  are 

dv  n 

(iii)  a-r-  +  Av  ~  u(x,  y)v  =  0,  a  =  aR  +  iaf,  ieR",  >gR,  A  -  £  d2/dxf  [see  8a.  8c,  9b] ; 

"  /-i 

(iv)  - Au  +  u(x)u  =  \v  [see  10, 11,  8a.  8c,  9c]; 

dv  ^  ^ 

(v)  +  =  o  =  oR+ior,  XGR\  yeR;  c.^sCVxV.  /,  =  diag  ( /,' . 7/). 

(Ji'  +  J/J+j)  [see  8b]. 

The  inverse  problem  for  (i)  and  (ii)  may  be  written  in  a  compact  form.  Namely  solve 

(/*♦-#*-)(*.  k)  =  iiA*'<*(k))V(x,k) 

on  I  (I  is  an  appropriate  contour  in  the  complex  )t-plane  and  V  is  a  function  depending  explicitly  on  the 
scattering  data  and  a(k)  is  problem  dependent)  with 

ft  . - »  /,  a(k),  V(x,  k)  given  on  2, 

1*1-* 
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and 


fi  ±(x,  k)  meromorphic  in  k  e  C/2.  (9) 

H  t(x ,  k)  has  a  finite  number  of  poles  with  locations  specified:  k{ . kn,  and  Res*.*  n  ±(x.  k  )  specified 

appropriately. 

In  (9),  fi(x,  k)  is  associated  with  an  eigenfunction  of  the  given  operator.  It  is  related  to  c(x.  k )  by 


v(x,  k)  =  fi(x,  <c)e#to(J,  *>, 

where  0Lo(x,  k)  is  a  concrete  phase  factor  which  depends  on  the  unperturbed  (potential  zero)  operator.  The 
parametric  dependence  X  -  X(Ac)  is  explicitly  given  (chosen  for  convenience). 

(9)  is  a  variant  of  the  usual  Riemann-Hilbert  factorization  problem.  The  standard  situation  involves 
finding  /*  ±  analytic  off  2  without  any  extra  parameter  such  as  x. 

Corresponding  to  (i)  and  (ii)  above,  the  second  order  case  is  classical  and  has  been  studied  by  numerous 
authors  (a  review  of  this  appears  in  [1 J).  Although  some  work  had  been  done  for  third  order  scalar 
operators  nevertheless  it  has  only  been  within  the  past  few  years  that  the  solution  to  the  general  nth  order 
case  has  been  found.  It  should  be  noted  that  the  matrix  system  (ii)  above  has  also  been  studied  in  [12a-c], 
A  thorough  analysis  of  the  problems,  including  the  case  of  complex  diagonal  elements  of  J  appears  in  [9d]. 

To  be  concrete  we  shall  given  the  results  for  the  inverse  problem  associated  with  the  one-dimensional 
time-independent  Schrodinger  equation:  i.e.  (i)  above  with  n  =  2,  u(x)  =  -  u,2>(x).  Let  \(k)  -  -k2,  then 
the  scattering  equation  is 

vxx+(k2-u)vm  0,  -»<x<x,  v  =  iie~'kx,  (10) 

lixx-2ikfix-ult~Q.  (11) 


The  relevant  function  class  for  u(x)  is  /“x(l  +  |x|)|«|dx<  x.  r(x.  k)  has  solutions  (Jost  functions) 
which  we  denote  by 


<f>(x,k )  =  e  '**, 

X  -•  -  7C 


*(*.*)  =  e"*\| 

=  e'*\  | 

t  -  X  ’ 


(12a) 


Functions  with  “nice”  analytical  properties  are  obtained  by  multiplying  by  a  suitable  exponential  factor: 


Xf(x.  k )  =  <t>e‘kx  =  1, 

x-*  -  00 


N(x,  k)  =  ip  e'*'  =  1,  j 

N(x,  k)  =  \p  e'kx  =  e: 

X  —  X 


(12b) 


The  relationship 

ip(x.k)  =  \p(x,  —k) 


(12c) 


implies 
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Completeness  of  these  eigenfunctions  requires 
A/(  x,  k)~a(k)N(x,k)  +  b(k)N(x,k), 
or.  using  (12d), 

~ajiT'  “H(x,k)  +  r(k)ez'kxN(x,-k).  (He) 

where  r(k)  =  b(k)/a(k).  The  analyticity  of  M(x,  k),  N(x,  k)  is  deduced  by  studying  the  following 
integral  equations: 


M(x,  k)  —  1  +  f  G*(x  —  x’,  k)u(x’)M(x',  k)dx’, 
^  -  00 

N(x,  k)  *  1  +  j  G _{x  -  x’ ,  k)u(x’)N( x\ k)dx’. 

*  —  OO 


where 


C ±  being  the  contour  below  (  +  )/above  (-)  the  singularities  £  =  0,  £  =  2 k  inside  the  integral  (12h). 
G  ±(x,k)  is  analytic  for  Imfc^O  and  vanishes  as  |fc|  -*  oo.  M(x,  k),  N(x,k)  are  therefore  analytic  for 
Im  k  >  0,  Im  k  <  0  respectively  and  tend  to  unity  as  |fc|  -»  oo. 

The  scattering  coefficient  a(k)  is  also  analytic  for  Imk  >  0  and  tends  to  unity  as  |/c|  -*  ao  (this  can  be 
deduced  from  the  fact  that  a(k)  is  a  Wronskian  of  M,  N).  a(k)  can  vanish  at  a  finite  number  of  locations 
in  the  upper  half  plane:  k  -  kx . kn,  Im  it  >  0.  Calling 

nJx,k)=  MQ('ky-<  H-(x,k)  =  N(x,k),  (12i) 

we  see  that  (9e)  is  a  special  case  of  (9)  where  a{k)=  - k ,  l^( x.  k)  =  r{k)e2'1' \  The  appropriate  residue 
statement  is 


Res  (/^(x,  k))  -  CjC2'k’xn^(x,  kf). 


C/  being  called  the  normalization  constants. 

It  is  worthwhile  noting  that  when  no  poles  (i.e.  no  eigenvalues  or  boundstates)  appear,  then  the 
solvability  of  (12e)  follows  from  the  work  of  Gohberg  and  Krein  [13]  in  which  they  prove  the  existence  of 
uniqueness  of  the  solution  of  the  corresponding  Riemann- Hilbert  factorization  problem  (in  a  generic 
sense). 


v  .  /'Vs-  A«n.*s^n>  v 
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For  completeness  we  list  the  integral  equations  for  the  eigenfunction  and  potential  reconstruction: 


N(x.k) 


1-1 

7-1 


CjNj(x) 

k  +  k. 


1  [*  r(j)N{x.t) 

2niJ.x  t  +  k  +  i 0 


N,ix) 


^  2  i  ktK 


fAU)  1  /*  r(()N(x.() 

k,+  kf  2iri  J  t  £  +  k,  * 


«(*)- 


L  2icy^(.0-i /X  r(*)JV(x.*)d* 

y-1  X 


(12k) 

(121) 

(12m) 


The  solution  of  the  initial  value  problem  for  suitably  decaying  functions  u{  x,  k )  of  KdV  is  obtained  by 
noting  that  r(k.  t)  =*  r(lc.0)e8“  This  follows  from  the  second  linear  operator  M  see  (6),  (8).  The 
reconstruction  of  u(x.i)  then  follows  from  the  inverse  problem.  In  the  general  case,  the  data  V(x.  k,t)  in 
(9)  also  evolves  simply  in  time  (e.g.  V(  x.  k.  i)=  F(.r.  Xr, 0)e‘*',*>'  when  V.  w  are  scalars).  Schematically,  we 
have: 

(Direct  problem)  ( From  M  operator)  ( From  inverse  problem) 

\  \  / 
u(jc,0) -/!.(*,  *./  =  ())-  V(x.k.O)  -  V(x.k.t)  -»  iit(x.k,t)-*u(x.t)  . 


The  method  of  solution  is  what  is  usually  referred  to  as  the  Inverse  Scattering  Transform:  1ST.  This 
program  has  been  carried  out  for  a  surprisingly  large  number  of  physically  interesting  equations  in  one 
spatial  dimension.  In  fact,  the  only  equation  in  one  spatial  dimension  mentioned  above  that  does  not  have 
an  associated  inverse  problem  of  the  form  (9)  is  the  Benjamin-Ono  equation  (4).  It  shares  with  the  KP[ 
equation  an  inverse  problem  of  the  nonlocal  R-H  form: 

l^.-fi_){x.k)=jiJiAx.k')V(x,k',k)dk'.  (13) 

Next,  we  shall  discuss  the  K.P  equation  and  its  associated  scattering  operator  L. 

oi\  +  r„  —  u(.t.  v  )c  =  0.  (14) 

Note  in  (14)  we  ‘'ave  taken  the  eigenvalue  \  =  0  without  loss  of  generality  (by  the  scaling  property  of  v). 
Since  the  analysis  for  the  generalization 

avv  +  Av  -  u(x.  y)v  *  0,  (15) 

where  a  =»  oR  +  iat.  S  =  dl/dxj,  (6R".  y  e  R,  is  a  natural  extension  of  that  in  two  dimensions, 
we  shall  discuss  this  case.  Scattering  parameters  arise  in  ( 1 5 )  by  looking  for  a  function  p  =  /i(  x.  y.  k )  where 

v  =  jie'*''**'1  \ 
ofit  +  Sfi  +  2ik  •  V7/!  -  up  =  0. 


and  k  =  k  R  +  i  Ar t  e  C.  We  shall  consider  nR  *  0.  nR  <  0 


(16) 

(17) 
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We  look  for  a  solution  /i(x,  y.  k)  bounded  for  all  x.  y  and  fi  -*  1  as  |/c)  -•  x.  The  latter  condition  is  a 
convenient  normalization.  If  we  should  consider  (17)  for  o  =  ±  1  in  analogy  to  the  KPn  scattering  problem, 
we  immediately  notice  that  the  dominant  operator  is  the  heat  operator  which  is  illposed  as  an  initial  value 
problem.  Even  though  we  pose  a  boundary  problem,  immediately  we  are  led  to  believe  that  in  this  case 
there  will  be  some  type  of  unusual  behavior.  In  fact  in  refs.  [4,  8a]  it  is  shown  that  the  bounded  function  ja 
for  0R  #  0  may  be  analytic  nowhere  as  a  function  of  k.  Specifically  n  =  n(x.  y,  kR,  k{).  In  particular  /i  is 
constructed  from  the  following  equation.  Given  u(x,  y)  -» 0  sufficiently  rapidly  at  x,  the  direct  problem  is 


p=l  +  G(up), 


where 


G/=  G  •  /■  JJg(x  -  x\  v  -y\  *R.  *,)/(*'.  y')dx'dy'. 


The  Green’s  function  G  is  obtained  from 


G(x,y,kR,kl)  =  C„^lJf 


6  -T-— ,d^dn.  C^—p. 
1 07j  -  (  -  2k*  £  (2tt  ) 


=  stg^y)  ^  j  _vgR|^  +  2^A:r  +  ^  j  »g|  d{.  (20b) 

where  0(x)  =  {1  for  x  >  0,  0  for  x  <0}.  In  constructing  (20)  we  have  looked  for  a  bounded  Green's 
function,  and  have  taken  the  Fourier  transform  in  both  x  and  y. 

Taking  the  3  derivative  of  (18)  with  respect  to  fc,  we  find  ( 3/dk/  =  (( d/dkR  +  i 3/3k{  )): 

dk)  dkJ  1  dk,  f  ' 

The  first  term  in  (21)  is  calculated  directly  using  the  definition  of  the  Green's  function  (20). 


dG(uji) 

3k. 


=  ■i,-i'T(kR.kl.i)(tl-kR  )«(s(€))d€. 


where 


T(kR./c,.i)  =  //  x.  y)ti(x.y.kR.kl)  dxdi 

0(x,y,kR,  *,.£)  =  (x  +  2y  1  •(  £  -  ArR ). 


s(t)  =  s(t  ArR.A:,)a({+  ^-A,)  ~(*R  +  p-k, ) 


and  S(x)  is  the  usual  Dirac  delta  function.  One  can  derive  (22)  either  by  taking  the  d  derivative  directly  on 
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(20b)  or  on  (20a)  using  the  well-known  fact 

,22e) 

From  (22)  one  can  readily  calculate  dp/dkj  (assuming  (18)  has  no  homogeneous  solutions), 

y  v.t.  *,)df  (23) 

(23)  is  found  by  noting  that  dp/dkj  is  a  suitable  superposition  over  a  fundamental  solution 
W(x,  y,  kR,  kt,  £)  satisfying 

W(x,  y,kK,kl,l)-t'*{x  >'  k*  k'  i',  +  G(uW).  (24) 

Using  the  symmetry  condition  on  the  Green’s  function, 

C-i*  *>’k'k'-()G(x,y,kK.kl)-G(x,y,i,kl),  on  r(£)-0.  (25) 

allows  us  to  find 

W(x,  y,  kR,  k|,  £)  -  e‘fl(x>**'*,'tV(JC-  y<  £.  kt).  ons(()=0,  (26) 

and  then  (23)  follows. 

A  special  case  of  (23)  is  n  -  1  whereupon  dfi/dkj  depends  locally  on  fi.  For  n  -  1,  let  k,  *  k,  then  (23) 
reduces  to 


dj*  ^  Q 
dk  ”|OrI 


sgn[ktL  +  ^-k^c't>{x  y  k*  k'  y,  £„.*,). 


where  £0  -  -kR  -  (20[/aR)/c,.  (27)  is  relevant  to  the  solution  of  KP:  KP„:  o,  =  0.  oR  =  - 1  (see  [4])  and 
KPt  o,  =  1,  oR-»0  (oR<0)  with  the  scaling  Ar,  =  k,/oR  (also  see  the  discussion  of  the  limit  to  the 
time-dependent  Schrbdinger  equation  later  in  this  paper). 

The  above  discussion  is  entirely  within  the  context  of  the  direct  scattering  problem.  However,  it  suggests 
what  the  natural  data  might  be  for  this  problem.  We  shall  call  T(kR,  k{,  £)  the  inverse  data. 

The  inverse  problem  is:  given  7"(/cR,/c,,£)  construct  u(x,  y).  However,  it  is  immediately  transparent 
that  there  is  a  serious  redundancy  question.  Namely  T(kR,  kt.  £ )  is  a  function  of  3 n  parameters  with  one 
restriction  (the  restriction  is  due  to  S(j(£))  in  (23):  i.e.  T  will  be  given  as  a  function  of  3n  -  1  variables  and 
we  wish  to  construct  a  function  u(x,  y)  depending  on  n  +  1  variables.  But  for  n=  1,  namely  for  the 
problem  in  two  spatial  dimensions  the  difficulty  disappears.  As  (27)  shows  T  =  T(kR,  k, ,  £0(kR,  k,)).  hence 
T  is  a  function  of  two  parameters  as  is  u. 

Using  (23)  there  are  numerous  reconstruction  formulae  for  u  available.  However,  serious  restrictions  on 
T  must  be  imposed  in  order  to  obtain  a  function  u  depending  only  on  x,  y  and  vanishing  at  oo.  This  is 
part  of  the  characterization  question,  i.e.  which  inverse  data  T(kR,  kv  £)  are  “admissible”. 

One  set  of  inversion  formulae  for  n  is  obtained  from  the  generalized  Cauchy  formula 


.<*»  «.  ■  iVl  ,  . 


VJV.V.W  WWW  V  x.".  V  jni  *\(  >ni  '<v  ym  y.v.'K'.’ 


v  ’  V  T  '  F  '  -•  ■  »  "» — r - '  v  .  w  \  "  V  -  T  - 


•-.■V VV  V'  iPUT1 
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(Another,  more  symmetric  inversion  uses  the  Bochner-Martinelli  formula  but  this  is  outside  the  scope  of 
the  present  review.)  Applying  this  to  our  problem  where  p  -*  1,  | A:  j  -»  x>  (the  first  term  is  unity)  we  have 


1  ff0K i 

n(x,y,kR,kl)  =  \+-fj^ 


K-k'j 


dk^dkl. 


where  we  use  the  simplified  notation  kR  =  (kR^ . kR . kR)  and  similarly  for  k\.  (29)  is  a  linear 

integral  equation  for  (using  23))  the  potential  is  constructed  from 

-  ..  \  _  [  f  I  „  ..  t.i\  a  t.i  a  i.i  l  in\ 


“<*•  >’) "  Tdrjfw^' y'  k*'k')dk*, dk'v 


(30)  is  obtained  by  taking  k)~*  oo  in  (18)  and  (29)  and  comparing  the  results. 

It  is  clear  that  in  general  the  right-hand  side  of  (30)  will  be  a  function  of  kR  ,  k,  :  i  =*  1. 2 . j  -  1, 

j  +  1 . n.  One  possible  way  of  characterizing  admissible  data  would  be  to  require  T(kR,  kl%  £)  to  be  such 

that  the  RHS  of  (30)  be  independent  of  these  parameters,  for  all  j.  Such  a  requirement  is  analogous  to 
what  Newton  refers  to  as  the  “miracle”  in  the  time-independent  problem  (see  [11]).  However,  in  this 
formulation  we  can  go  further  and  give  conditions  directly  on  T(kR,  k ,,  £).  The  importance  of  characteriz¬ 
ing  T(kR,  kt,  £)  directly  not  only  has  to  do  with  understanding  on  which  manifolds  of  kR,  k{,  £  can  one 
hope  to  reconstruct  the  potential,  but  also  may  indicate  how  one  could  in  principle  measure  data  so  as  to 
produce  local  potentials  in  a  stable  manner. 

For  n  >  1  the  compatibility  condition  d1fi/dkldkj  =  d2fi/dk/dkl  (t  #  j)  leads  to  a  nontrivial  restriction 
on  T\  one  which  is  nonlinear; 

*„(T)-N„(T).  (31a) 

where 


~  (f  *j(  fk,  +  2  4. )  k,^(  9k,  +  2  4y  )’ 


N,J[T](k,t)-f\(i;-kJ(i-i;)-(t;-kJttl-z;)}6(s(t’))nkR,kl,t’)T(i'.kl.i)  d£\ 

(31c) 


In  fact  there  is  a  change  of  variables  which  allows  (31)  to  be  put  in  a  simplified  form.  Without  loss  of 
generality  we  may  consider  the  equations  (31)  with  i  =  1,  (»  *  1,  is  obtained  from  /  =  1  by  straightforward 
manipulation)  then  introduce  new  variables  (x,w, *v0)eC’’"lxR'’xR  which  parameterize  the  sphere 


J- 2 

1.  ;x/.  2w 

*,-X>,x„  +  ^- 


l  n  ) 

wx 

ajtvow, 

•  k  = 

2 

2w2 

*  /R 

OoWnWs 
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) 

Thus  for  tv,  #0  there  is  a  1-1  map:  (kR,  £,,£)-*(X.»\  *0)  such  ‘hat 
— A:R,  w-2  kR)/aR, 

JL.jr 

:  n,  *x>' 

1 

I  which  for  i  —  1,  j  -  2, ....  n  yields 


(33a) 

(33b) 


dT 


) 

I 


*X, 


tfi>(r)(x.",Wo),  j~  2 . n. 


Again  using  the  generalized  Cauchy  formula  we  have 


(34) 


^  ,1  ^.,[n(x'.*v,w0) . ,  , , 

Jtm  r(x.w,w0)--  JJ - x  Jx> - dXR,dXi;  =  M(w,w0), 


(35) 


where  u(w,  w0 )  **&( u(x ,  y))  is  the  Fourier  Transform  of  u(x,  y )  with  respect  to  w,  w0.  The  term  u(w ,  w0) 
is  the  boundary  value  of  T(x,  w,  w0)  as  x,  -»  00.  This  can  be  seen  from  the  definition  of  T(\,  w,  w0)  (22b) 
and  the  fact  that  from  (32)  00  implies  kj  -*  ao  and  hence  ft-*  1.  (35)  leads  both  to  admissibility 

criteria  as  well  as  reconstruction  of  u(.x,  y).  Given  T(kR,  kt,£)  one  computes  J  by  quadratures.  We  also 
reiterate  the  fact  that  the  formula  (35)  assumes  no  homogeneous  solutions  to  (18).  We  conjecture  [8a]  that  if 
•f  is  independent  of  x  and  j  and  has  suitable  decay  properties  for  large  w,  *v0,  then  T  is  admissible.  The 
potential  is  recovered  from 

u(x,y)^J^l{u(w,w0)),  (36) 

where  1  denotes  the  inverse  Fourier  transform.  Moreover,  we  see  that  reconstruction  follows  purely  by 
quadratures  given  T(kR,  kt,  £)  on  s(£)  =*  0. 

It  turns  out  that  the  physically  interesting  cases  of  the  time-dependent  and  time-independent 
Schrbdinger  equation  in  n  dimensions  fall  out  as  special  cases  of  the  above  result.  In  what  follows  we 
discuss  these  cases  both  as  limits  (reductions)  of  the  above  results  and  then  briefly  indicate  how  the 
formulae  can  be  derived  without  recourse  to  any  limit. 

First  consider  the  case  a  ~*  i,  i.e.  e,  =  1.  oR  -*  0  -  <  0);  kR,  kl  =  kx/aR.  Then  G(x.  y.kR,k{)~* 

GL(x,  y,  ‘kR,  ‘kR)  (in  what  follows  we  drop  the  symbol  ). 


G^ic.y.kR.fe,)-  ~iC„sgn(y)  j e,*'{~,v(<J~2**'tl8( +  2(/cR  +  £,)•£) )d£.  (37) 

(37)  can  be  directly  verified,  i.e. 

3?GL(x,  y,  kR,  kt)  =  8(x)8(  y),  i-^j  +  J  -t-  2  i  A  R  •  V.  (38) 

and  hence  ft  -» jiL  where  fiL  satisfies 

&fiL-  -uftL  and  nL{x.  v.kR.k,)=\  +GL(ufil).  (39a. b) 


fcr*  _■*  jv  1 


1 

a 


a: 


MJ.  A  biowit:  and  A .  /.  Nachman  /  Multidimensional  nonlinear  evolution  equations  and  inverse  scattering  24  i 

Acknowledgements 

It  is  a  pleasure  to  acknowledge  the  many  fruitful  and  stimulating  comments  of  Martin  Kruskal.  This 
work  was  partially  supported  by  the  Office  of  Naval  Research  under  Grant  Number  N00014-76-C-0867, 
the  National  Science  Foundation  under  Grant  Number  MCS-8202117,  and  the  Air  Force  Office  of 
Scientific  Research  under  Grant  Number  78-3674-D. 


References 


[1]  M.J.  Ablowitz  and  H.  Segur,  Soli  ions  and  the  Inverse  Scattering  Transform.  SIAM  Stud  Appl  Math.  (1981) 

(2a)  Y.  Kodama,  M.  Ablowitz  and  J.  Satsuma.  i.  Math.  Phys.  23  (1982)  564-576. 

(2b)  AS.  Fokas  and  M.J.  Ablowitz,  Stud.  Appl.  Math.  68  (1983)  1—10. 

(3)  A.S.  Fokas  and  M.J.  Ablowitz,  Comm.  Math.  Phys.  91  (1983)  381-403. 

(4)  M.J.  Ablowitz,  O.  Bar  Yaacov  and  A.S.  Fokas.  Stud,  in  Appl.  Math.  69  (1983)  133-143. 

(Sa)  M.J.  Ablowitz  and  AS.  Fokas,  Comments  on  the  Inverse  Scattering  Transform  and  Related  Nonlinear  Evolution  Equations. 

Lecture  Notes  in  Physics,  189,  Proc.  CIFMO  School  and  Workshop  held  at  O  ax  tepee,  Mexico.  1982,  KB  Wolf,  ed 
(5b)  A.S.  Fokas  and  M.J.  Ablowitz,  The  Inverse  Scattering  Transform  for  Multidimensional  (2  +  1)  Problems.  Lecture  Notes  in 
Physics,  189.  Proc.  CIFMO  School  and  Workshop  held  at  Oaxtepec.  Mexico,  1982.  K.B  Wolf,  ed 
(6a)  S.V.  Manakov.  Physica  3D  (1981)  420. 

[6b]  AS.  Fokas  and  M.J.  Ablowitz,  Stud.  Appl  Math.  69  (1983)  211-228. 

[7a]  H.  Coraille,  J.  Math.  Phys.  20  (1979)  1653. 

[7b]  D.J.  Kaup.  Physica  ID  (1980)  45-67. 

[8a]  A.I.  Nachman  and  M.J.  Ablowitz,  Stud,  in  Appl.  Math.  71  (1984)  243-50. 

[8b]  A.I.  Nachman  and  M.J.  Ablowitz,  Stud.  Appl  Math  71  (1984)  251-262. 

[8c]  A.l.  Nachman  and  M.J.  Ablowitz,  Multidimensional  Inverse  Scattering  for  the  Time-dependent  and  Time-independent 
SchrOdinger  Operators,  Preprint.  (1985). 

[9a]  R.  Beals  and  R.R.  Coifman,  Scattering,  Transformations  Spectrales  et  Equations  devolution  nonlineare  I.  II.  et  Seminaire 
Goulaouic-Meyer- Schwartz  1980-1981,  exp  22,  1981-1982  exp.  21.  Ecole  Polytechnique.  Palaiscau. 

[9b]  R.  Beals  and  R.R.  Coifman,  Multidimensional  Scattering  and  Inverse  Scattering,  preprint  (1984) 

[9c]  R.  Beals,  Inverse  scattering  tor  Ordinary  Differential  Operators  on  the  Line,  preprint  (1982). 

[9d]  R.  Beals  and  R.R.  Coifman.  Commun.  Pure  and  Appl.  Math  37  (1984). 

[10]  L.D.  Faddecv.  Dokl.  Akad.  Nauk  SSSR  167:6a  (1966).  Soviet  Phys.  Dokl.  10:1033.  11:209  (1966).  J  Soviet  Math  5  3340396 
(1976). 

[11]  R.G.  Newton,  Phys.  Rev.  Lett.  43  (1970)  541-542;  J  Math.  Phys  21  (1980)  1698-1715;  22  (1981)  2191-2200;  23  (1982)  64). 
594. 

[12a]  A.B.  Shabat,  Func.  Annal  and  Appl  9  (1975)  75;  Diff  eq.  XV  (1979)  1824 
[12b]  A.V.  Mikhailov,  Physica  ID  (1981)  73 
[12c]  P  Caudrey,  Physica  6D  (1982)  51 

[13]  I.  Gohberg  and  M.G  Krein,  Uspekhi  Mat.  Nauk.  13  (158)  2 

[14]  A.S.  Fokas  and  M.J.  Ablowitz,  Inverse  Scattering  for  First  Order  Hyperbolic  Systems  and  the  V-Wave  Interaction  Equation  in 
Multidimensions,  preprint  (1985). 

[15]  B.G.  Konopelchenko,  Phys.  Leu.  93A  (1983)  442. 


Volume  120,  number  5 


PHYSICS  LETTERS  A 


23  February  1987 


NOTE  ON  SOLUTIONS  TO  A  CLASS 

OF  NONLINEAR  SINGULAR  INTEGRO-DIFFERENTIAL  EQUATIONS 
Mark  J.  ABLOWITZ,  A.S.  FOKAS  and  Martin  D.  KRUSKAL' 

Department  of  Mathematics  and  Computer  Science  and  Institute  for  Nonlinear  Studies.  Clarkson  University. 
Potsdam.  NY  13676.  USA 

Received  3  November  1 986;  accepted  for  publication  26  November  1 986 


Certain  classes  of  nonlinear  singular  integro-difTerential  equations  are  considered.  These  equations  are  mapped,  via  explicit 
transformations,  to  either  ordinary  differential  equations  or  to  lineanzable  partial  differential  equations 


In  recent  years  considerable  interest  has  focused 
on  certain  physically  important  nonlinear  evolution 
equations  which  can  be  linearized.  Many  of  these 
equations  fall  into  the  category  of  linearization  via 
soliton  theory  and  the  inverse  scattering  transform 
(1ST)  (for  a  review  of  much  of  this  work,  see  for 
example  ref.  [1]).  Well-known  equations  are  the 
Korteweg-de  Vries  equation  (KdV) 

U,  +  2UUX  +  UXXX-Q,  (1) 

the  sine-Gordon  equation 

ux,  =  sin  m,  ( 2 ) 

and  the  Kadomtsev-Petviashvili  (KP)  equation 

(u,  +  2uux  +  uxxx)x  =  -ia2Uyy.  (3) 

Each  of  these  equations  has  certain  singular  inte- 
gro-differential  analogs,  the  best  known  being  the  so- 
called  Benjamin-Ono  equation 

u,  +  2uux  +  (Hu)xx  =  0.  (4) 

Analogues  of  the  sine-Gordon  and  of  the  KP  equa¬ 
tions  include  the  sine-Hilbert  equation, 

(Hu),  =sin  u,  (5) 

and 

( u,  +  Huxx  +  2uux)x  =  ( //u„  +  2uux)t,  ( 6 ) 

1  Permanent  address:  Program  for  \pplied  Mathematics. 
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respectively.  In  the  above.  Hu  is  the  Hilbert  trans¬ 
form  of  u. 

(Hu)(x)=-  }  ~d{,  (7) 

71  J  Q-X 

-  3C 

where  denotes  the  Cauchy  principal  value  inte¬ 
gral.  Although  eqs.  (4)— (6)  are  related  in  a  certain 
sense  to  (1 )— ( 3 )  respectively  (for  the  relationship  of 
(1 )  to  (4)  see  ref.  [  12],  the  1ST  method  for  ( 4 )-( 6 ) 
has  novel  features.  With  respect  to  the  1ST  me,hod 
BO  [3]  has  more  similarities  with  KP  [4]  than  with 
KdV  (the  1ST  for  (5)  has  been  recently  considered 
in  ref.  [5]). 

In  this  paper  we  consider  other  singular  integro- 
difTerential  analogs  of  ( 1 )— ( 3 ) .  These  analogs  are 
more  closely  associated  with  ( 1 )-( 3 ):  it  is  shown  that 
via  a  direct  transformation  they  can  be  mapped  to 
(1  )-(3).  For  example,  the  equations 

u,+uxxx  +  2(uHu),=0.  (8) 

[M,  +  K«Jc  +  2(K//M)t]I=  -3cruvv  (9) 

are  mapped  to  KdV  and  KP  ( for  the  variable  w).  via 
the  transformation 

w=«  +  it>,  v=Hu.  (10) 

where  u  is  real  and  vanishes  at  infinity. 

Various  generalizations  are  possible: 

(A)  The  transformation  (10)  can  be  used  to  map 
certain  singular  integro-difTerential  equations  to 


wvii  yy  /  TTT.  m  r  **.■*.*.*,**, a  • 
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ODEs. 

(B)  Given  a  linearizable  PDE,  there  exists  an 
algorithmic  procedure  for  obtaining  a  singular  inte- 
gro-differential  analog  similar  to  the  above. 

(C)  The  above  results  can  be  extended  to  allow 
complex  valued  functions  u. 

( D )  The  Hilbert  operator  can  be  replaced  by  other 
suitable  operators,  for  example  it  can  be  replaced  by 
the  T  operator 


(Tu)(x) 

oo 

f  coth((*/2<S)({-.x)]u({)  d<f, 


(11) 


S  constant. 

This  work  was  motivated  by  some  recent  results  of 
Constantin,  Lax,  and  Majda  [6];  in  particular  these 
authors  proposed  the  following  equation  as  a  model 
for  the  motion  of  vorticity  for  an  in  viscid  incompres¬ 
sible  fluid  flow, 


u,  =  uHu. 


(12) 


They  introduced  the  transformation  (10)  and  showed 
that  w  satisfies  the  ODE, 


tv,  =  -Ji»v2. 


(13) 


We  first  consider  (A).  It  should  be  noted  that  the 
above  result  can  be  obtained  as  follows.  Operate  on 
(12)  with  (1  +iH)  and  use 

H(uHu)  =  \[{Hu)2-u2],  (14) 

which  is  a  special  case  of  the  known  formula 

H{JHg)  +H(gHf)  =  (Hf)(Hg) -fg.  (15) 

The  above  result  can  easily  be  extended.  Since  as 
is  known  H2  =  -  1  we  have  that  Hw=  -  iw.  Now  tv  is 
the  boundary  value  of  a  function  analytic  in  the  lower 
half  plane  (a  “lower  function”),  vanishing  at  infin¬ 
ity.  Hence,  Hw=  -itv,  and  more  generally, 


w=u  +  iHu=*HW'  =  -itv" 
Hcw  =-icw. 


(n> 0,  integer). 


(16) 

(17) 


etc.  This  enables  us  to  construct  arbitrarily  many 
reducible  equations  such  as  [(a)  ODEs;  (b)  singular 
integro-differential  equations]: 

216 


>,  ■»  “m  .  "■  »  v  _  i 


tv,  =  —  i  itv2 ,  u,  =  uHu, 
tv,  =  tv3,  u,  =u3  —3u(Hu)2, 
tv,  =  ie_1 
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(I.la.b) 

(I.2a,b) 

(I.3a,b) 


(B)  The  extension  of  the  above  results  to  PDEs  is 
straightforward  once  it  is  noted  that  the  above  con¬ 
siderations  go  through  even  if  a  linear  operator  is 
substituted  for  the  time  derivative  in  the  above 
equations.  For  example,  the  following  iist  is  easily 
obtained  [(a)  PDEs;  (b)  singular  integro-differen- 
tial  equations]; 

wi  =  tv**  —  i(  tv2)x,  u,=h„  +  2(u//u)x,  ( II.  1  a,b ) 

wi  +  wxxx  —  ia(  w2  )x  +/?(  h>3  )x  =  0,  (II. 2a) 


u,  +  Mxxi  +  2a  ( uHu )  „ 

+0[u3  —3u(Hu)2]x=;0, 

wx,  =ie~*“',  ux,  =eHu  sin  u, 

H',  +  i[tvxx  +  (tv2)x]=0, 

u,  =  (Hu)xx  +  2(u7/u)x. 


(II.2b) 
(II.3a,b) 
(II. 4a) 
(II. 4b) 


Eq.  (II.  la)  is  essentially  the  Burgers  equation  and 
can  be  linearized  via  the  Cole-Hopf  transformation 


w=  — i(ln/)x. 


(18) 


Eq.  (II. lb)  arises  in  various  population  ecological 
models  and  to  our  knowledge,  was  first  considered 
and  solved  via  a  dependent  variable  transformation 
and  splitting  into  upper  and  lower  functions  by  Sat- 
suma  [7],  In  eqs.  (II.2)  a,  /?  are  real  constants,  and 
( II. 2b)  is  an  analog  of  the  Gardner  equation  ( a  com¬ 
bination  of  KdV  and  modified  KdV).  Eq.  (II. 3b)  is 
related  to  the  Liouville  equation  ( II.3a)  and  is  known 
to  be  linearizable. 

Let  us  consider  the  initial  value  problem  for  each 
of  the  above  equations  with  u  real.  Given  u(x,  0), 
initial  values  for  w(x,  t)  are  obtained  from 
w(xy  0)  =«(x,  0)  +  LHu(x,  0),  and  the  solution 
u(x,  l)  is  recovered  from  u(x,  i)=  Re  >v(x,  /). 

Generalizations  to  systems  of  equations  as  well  as 
discrete  analogs  are  immediate  using  these  ideas, 
hence  we  shall  not  incorporate  them  into  this  discus- 
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sion.  Multidimensional  analogs  can  also  be  readily 
constructed.  For  example,  an  analog  to  the  KP  equa¬ 
tion  (3)  is 

^ -r[u,  +  uxxx  +  (2uHu)x]  =  -lo1uyy ,  (19) 

<r2= const  and  is  linearized  via  the  KP  equation 

^lw,  +  wxxx-i(w2)x]  =  -3a2wyy,  (20) 

which  is  formally  a  rescaled  version  of  ( 3 ) .  Eq.  ( 1 9 ) 
is  (2  + 1 ) -dimensional.  A  (3+  1  )-dimensional  equa¬ 
tion  can  also  be  linearized  via  ( 20 ) .  Namely  let  H2u 
denote  the  Hilbert  transform  of  u(x,  y,  z,  t)  with 
respect  to  the  variable  z,  i.e., 

H2u= -  f  U(X\ y'-' f)  di.  (21) 

K  J  £  —  2 

—  a© 

Then  instead  of  KP  we  may  consider  a  multi-dimen¬ 
sional  analog  of  (19): 

Yx  lu,  +  uxxx  +  2{uH2u)x]  =  -3<r2u,y,  (22) 

and  it  is  also  mapped  to  the  KP  equation  (20),  via 
w=«  +  i//zu.  Rational  soliton  solutions  and  nonde¬ 
caying  soliton  solutions  of  KP  are  given  in  ref.  (8). 
The  initial  value  problem  for  KP,  with  decaying  ini¬ 
tial  data,  is  considered  in  refs.  [4,9,10]  (for  a  review 


see  ref.  [  1 1  ]). 

( C)  Let  us  now  consider  complex  u.  For  example, 
iu,  =  uxx  +  2(uHu)x.  (23) 

In  association  with  ( 23 )  define 
w*  =  u  ±  iHu  (24) 

Then 

i(M'±)»  =  (vt's  )«Ti(**’±)x,  (25) 

which  is  linearized  via 

iv;  =  T  i( In  ft  )x.  ( 26) 

The  initial  values  are  obtained  as  before  but  the  com¬ 
plex  solution  u(x,t)  is  now  recovered  from 

u(x,  /)  =  j(w+  +w_).  (27) 


The  above  approach  can  also  be  used  for  dealing  with 
complex  initial  values  of  the  equations  considered  in 


(A),  (B). 

(D)  As  discussed  above  we  deal  with  Hu  by 
extending  the  function  u  to  its  upper  and  lower  func¬ 
tions.  Similarly  we  can  deal  with  Tu  by  extending  u 
to  a  function  sectionally  holomorphic  in  horizontal 
strips  of  thickness  <5  [12],  Operators  associated  with 
certain  other  geometries  can  also  be  considered  ( see 
ref.  [13]).  Actually  one  may  replace,  eqs.  (12),  and 
(10)  say,  by  the  more  general  system 

U,  =  UV ,  Ux  =  vy,  Uy=~Vx ,  ys;0.  (28) 

Eqs.  (12),  (10)  are  special  cases  of  the  above, 
u(x ,  t)  =  U(x,  0,  0,  v{x,  t)=  V(x,  0,  0-  We  note  that 
these  equations  are  mutually  consistent.  However,  it 
should  be  stressed  that  eqs.  (28)  are  not  a  (2+  1  )- 
dimensional  system  since  the  latter  two  equations  in 
(28)  are  the  Cauchy-Riemann  equations  and  so 
W=U+\ V=W(2,  0,  z  =  jr+i>>.  The  transformation 
W=  L'+if'maps  (28)  to 

1P,=  -{iH'2  +  C(0.  (29) 

This  is  derived  as  follows: 

Vvl  =  Uxl~(UV), 

P„  =  -t'w=-^((yP).  (30) 

Using  the  formula  g(x,  y)  =  jgx  dx+£v  dy,  from  eqs. 
( 28 )  and  ( 30 )  we  obtain 

=  f  [(  n\ -L  L\)  d-v-M  )  dy] 

=  J(L*-U;)-iC(r). 

Hence 

H-',  =  -  ]i  W*  +C(t). 

From  the  above  discussion  it  follows  that  the  results 
of  (A)-(C)  are  also  valid  if  one  replaces  H  by  T  or 
by  another  suitable  operator  ( see  ref.  [13]). 
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ABSTRACT 


In  this  paper  we  develop  an  a  1  gor  1 1  him c  method  for  transforming 

quasilinear  partial  differential  equations  of  the  form  u  =  g(u)un<  - 

f(u,u  ,.,.,U/  ),  u  e  3mu/3xm,  where  dg/du  f  0,  into  semilinear 

x  \ n- I ) x  mx 

equations  (i.e.,  equations  of  the  above  form  with  g(u)  =  1).  This 
crucially  involves  the  use  of  hodograph  transformati ons  (i.e.,  trans¬ 
formations  which  involve  the  interchange  of  dependent  and  independent 
variables).  Furthermore,  we  find  the  most  general  quasilinear  equation 
of  the  above  form  which  can  be  mapped  via  a  hodograph  transformation 
to  a  semilinear  form. 

This  algorithm  provides  a  method  for  establishing  whether  a  given 

quasilinear  equation  is  1 inearizable;  i.e.,  is  solvable  in  terms  of 

either  a  linear  partial  differential  equation  or  of  a  linear  integral 

equation.  In  particular,  we  use  this  method  to  show  how  the  Painleve" 

tests  may  be  applied  to  quasilinear  equations.  This  appears  to  resolve 

the  problem  that  solutions  of  linearizable  quasilinear  partial  differ- 

-1/2 

ential  equations,  such  as  the  Harry-Dym  equation  =  (u  )xxx» 
typically  have  movable  fractional  powers  and  so  do  not  directly  pass 
the  Painleve  tests. 
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1 .  INTHQDUCTl ON 

Recently  there  has  been  cons i derable  interest  in  the  solution  ot 

certain  physically  significant,  nonlinear  partial  differential  equations. 

It  turns  out  that  the  solutions  of  these  equations  may  be  expressed  in 
terms  of  the  solution  of  1 1  near  equations  (either  linear  integral  equations 
or  linear  partial  differential  equations).  In  1967,  Gardner,  Greene, 

Kruskal  and  Miura  [1]  associated  the  solution  of  the  Korteweg-de  Vries 
(KdV)  equation  with  the  time  independent  Schrodinger  equation  and  showed, 
using  ideas  from  the  theory  of  direct  and  inverse  scattering,  that 
the  Cauchy  problem  for  the  KdV  equation  (for  initial  data  on  the  line 
which  decays  sufficiently  rapidly),  could  be  solved  in  terms  of  the 
solution  of  a  1 i near  integral  equation.  Subsequently,  this  novelty 
was  developed  into  a  new  method  of  mathematical  physics,  often  referred 
to  as  the  inverse  scattering  transform  (I.S.T.),  which  has  led  to  the 
solution  of  numerous  evolution  equations  (see,  for  example,  [2]  for 
details).  These  nonlinear  evolution  equations  have  arisen  in  many 
branches  of  physics  including  water  waves,  stratified  fluids,  plasma 
physics,  statistical  mechanics  and  quantum  field  theory.  Previous 
to  the  KdV  equation,  the  first  physically  interesting  nonlinear  partial 
differential  equation  which  was  solved  in  terms  of  a  linear  partial 
differential  equation  was  Burgers'  equation 

u.  =  u  +  2uu  ,  (  '  • 1 

t  xx  x 

which  was  mapped  into  the  linear  heat  equation  via  the  Cole-Hopf  trans¬ 
formation  [3]. 


Partial  di1torenti.il  equations  which  can  either  be  solved  bv 
an  appropriate  l.S.T.  schi-me  or'  by  a  t  rans  f orma  t  i  on  to  d  linear  ;wrt;.i' 

differential  equation  are  said  to  be  1 inearizable.  The  most  well  known 
linearizable  partial  differential  equations  are  of  the  form 


.  n 

u„  =  u  +  f(u,u  , .  .  .  ,u,  , ,  ),  n>  2,  u  -  - — 

t  nx  x’  (n-1  )x'  ’  -  ’  nx  •  .  n 


(1.2) 


Definition  1.1  A  partial  differential  equation  is  said  to  be  semi  1 i near 
if  it  is  of  the  form  (1.2). 


There  also  exist  linearizable  equations  of  the  form 


ut  =  9(u)unx  +  f(u,ux,...,u(n_1)x),  n2  2, 


(1.3) 


where  dg/du  $  0. 


Def i ni tion  1.2  A  partial  differential  equation  is  said  to  be  quasi  1  inear 
if  it  is  of  the  form  (1.3). 


Well  known  examples  of  quasilinear  linearizable  equations 
include  an  equation  studied  in  [4], 


u.  =  ( u  u  ;  *  i  u  u, 

t  XX  X 


(1.4) 


where  u  is  an  arbitrary  constant  and  the  Harry-Uym  equation  (Kruskal  [5]) 


’i/mv  u ViVn 


which  is  known  to  be  linearizable  [6]  (see  also  [2b]). 

Fokas  and  Yortsos  [4]  considered  second  order  quasilinear 
partial  differential  equations  using  the  symmetry  approach  of 
Fokas  [7].  They  showed  that  the  most  general  equation  of  the  form 

ut  =  g(u)uxx  +  f(u,ux),  (1.6 

which  is  linearizable  is  the  equivalent  to  the  equation  (1.4),  which 
via  an  extended  hodograph  transformati on  is  mapped  to  the  Burgers'  equation 
Similarly,  it  is  known  that  the  Harry-Oym  equation  (1.5)  can  be  trans¬ 
formed  either  into  the  KdV  equation  (see,  for  example,  [2b]  or  [8]),  or 
the  MKdV  equation  (see,  for  example,  Kawamoto  [9]).  The 
notions  of  equivalence  and  hodograph  transformations  are  defined  below: 

Definition  1.3  Two  partial  differential  equations  are  equivalent  if  one 
can  be  obtained  from  the  other  by  a  transformation  involving  the  dependent 
variables  u  =  <t>  (v)  and/or  the  introduction  of  a  potential  variable 
(u  =  v  or  u  =  v ) . 

XX 

For  example,  the  Burgers'  equation  is  equivalent  to  the  heat  equation. 


ffwwwrareraw  A1  IV  W  l*  w gq Bi  g* TC* TTTC^TT? »7TO »JJ  »j.'V  ■>'  «ji  ■;  ■>■  •y  'y  'A  ■>  V”  TTT^I 


-  t ,  r  r  u( x  ,  t ) . 


(1.7) 


Definition  1.5  An  extended  hodoqraph  transformation  is  a  transformation 


of  the  form 


t. 


/  (u(x* 


,t)  )dx 1 . 


(1.8) 


The  above  discussion  naturally  motivates  the  following  questions: 
Equation  (1.4)  is  a  quasilinear  analogue,  via  an  extended  hodograph 
transformation,  of  Burgers'  equation.  Similarly,  the  Harry-Dym  equation 
(1.5)  is  a  quasilinear  analogue  of  the  MKdV  equation. 

i)  Is  there  an  algorithmic  method  of  finding  a  quasilinear 
analogue  of  any  semi  linear  equation? 

ii)  Is  the  associated  quasilinear  equation  unique? 

iii)  Conversely,  given  a  quasilinear  equation,  is  there  an 
algorithmic  method  of  finding  whether  it  can  be  mapped 
to  a  semilinear  equation  as  well  as  finding  this  semi- 
1 i near  equati on? 

In  this  paper  we  consider  the  above  questions  for  semilinear  and 
quasilinear  equations  (1.2)  and  (1.3)  respectively.  The  answer  to 
question  i)  is  affirmative.  Also,  the  associated  quasilinear  equation 
is  unique,  since  extended  and  pure  hodograph  transformations  yield 
equivalent  quasilinear  equations.  Furthermore,  we  find  the  most  general 
equation  of  the  form  (1.3)  which  can  be  mapped  via  an  extended  hodograph 
transformation  to  a  semilinear  form. 
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The  above  results  are  of  some  interest  in  establishing  whether 
an  equation  is  a  candidate  for  linearization.  Suppose  that  one  is 

interested  in  investigating  whether  a  given  quasi  linear  equation  is 
1 inearizable.  We  propose  the  following  algorithmic  procedure  (see  §111); 
1.  Put  the  equation  into  its  potential  canonical  form 


v  =  v  nv  +  H(v  ,v  , . . .  ,  v  /  ), 

t  x  nx  '  x  xx  ( n-1  )x '  ’ 


(1.9) 


by  using  the  transformation  =  g"  '  (u). 

2.  Apply  a  pure  hodograph  transformation  to  equation  (1.9).  If  equation 
(1.9)  is  transformable  to  a  semilinear  equation,  it  will  become 


n*  =  n„  ,  +  H(  n,  ,  nr  r,  .  -  - ,  n 


■t  'nc 


(n-1 )x' 


(1.10) 


Investigate  whether  equation  (1.10)  is  1 inearizable.  This  is 
easier  than  investigating  whether  (1.2)  is  linearizable  directly. 
The  reason  for  this  is  twofold.  First,  for  at  least  third  order 
equations  there  is  a  complete  classification  of  all  linearizable 
equations.  Within  equivalence,  there  exist  only  six  such  equations 
(see  below).  Hence  one  needs  to  study  if  there  exists  an  equi¬ 
valence  transformation  to  map  equation  (1.10)  with  n  =  3,  to  one 
of  these  six  canonical  equations.  Second,  for  equations  with 
n  _>  4  one  may  investigate  the  question  of  1 i near i zation  via  the 
Painleve  test.  The  Painleve  approach  is  reviewed  below.  Here  we 
only  point  out  that  quasilinear  partial  differential  equations  do 
not  appear  suitable  for  applying  the  Painleve  test.  Ramani , 
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Dorizzi  and  Grammat icos  (luj  (see  also  [llj  and  the  references 
therein)  introduced  the  notion  of  "weak-Pa i n 1  eve"  in  order  to  deal 


with  equations  such  as  the  Harry-Dym  equation  which  are  linearizable 


after  a  change  of  variables.  However,  the  higher  KdV  equation 
3 


u  =  u  +  u  u  ,  although  not  thought  to  be  linearizable  (since  it 
has  only  three  independent  polynomial  conservation  laws  of  a  certain 
type  [12]), is  also  "weak-Painleve"  [13].  Therefore  the  "weak-Painleve" 
concept  does  not  distinguish  between  a  linearizable  and  a  non 
linearizable  equation. 

We  point  out  that  one  often  finds  in  the  literature  claims  of  "new" 
third  order  linearizable  equations.  These  equations,  using  the  notion  of 
equivalence  can  be  mapped  via  a  pure  hodograph  transformation  to  one  of 
the  six  canonical  equations  mentioned  above. 

The  above  algorithmic  approach  is  useful  provided  that  a  given 
linearizable  quasi  linear  equation  can  be  mapped  to  a  semil inear  form. 

The  above  approach  will  fail  if  there  exist  linearizable  quasilinear 
equations  which  can  not  be  mapped  to  a  semi  linear  from.  It  is  shown 
in  [4]  that  such  equations  do  not  exist  for  at  least  n  =  2.  The 
question  of  whether  such  equations  exist  for  n  >  3  remains  open. 


1A.  Classification  of  third  order  equations 

Svinolupov,  Sokolov  and  Yamilov  [14]  have  claimed  that  the 
only  third  order  semilinear  partial  differential  equations  which  are 
linearizable  are  equivalent  to  the  following  six  equations: 


c 

r* 

ll 

u 

XXX 

+  U  U  +  1  u  , 

X  X 

(1.13) 

ut  = 

u 

XXX 

1  3  x  ,  u  A 
-  gUx  Mu  e  & 

-u , 

e  u  Mu, 

X  X 

(1.14) 

ut  = 

u 

XXX 

3  2  / ,  2,-1 

-  ttU  U  (  1  +  U  ) 

2  x  xx  x 

-  |P(u)(U2  *  l)ux  *  YV 

(1.15) 

ut  = 

u 

XXX 

32-1  -1 

-  «u  u  +  a  u  - 

2  xx  x  x 

lP<u>u(  * 

(1.16) 

where 

(^)2  =  4P3  -  6p  -  c  ,  (1.17) 

and  a,  6,  y  ,  <5  and  e  are  arbitrary  constants.  Equation  (1.11) 

is  a  linear  partial  differential  equation  which  is  sometimes  referred 
to  as  the  Airy  equation  in  moving  coordinates;  equation  (1.12)  is  the 
KdV  equation,  which  was  the  first  equation  to  be  solved  by  I . S . T . [  1  ] ; 
equation  (1.13)  is  the  Modified  KdV  (MKdV)  equation,  also  solvable  by 
I.S.T.  [15];  equation  (1.14)  is  the  Ca logero-Degasperi s-Fokas  (CDF) 
equation  [7], [16]  equations  (1.15)  and  (1.16)  are  as  yet  unnamed  and 
involve  the  Weierstrass  elliptic  function  P(u).  We  note  that  the  CDF 
equation  can  be  put  into  rational  form:  let  v  =  eu  , 


(1.18) 


V  =  V  -  ?(v  /  V  )  +  (u  V  +  ;•  V 

t  XXX  2  X  X 


Alternatively,  provided  that  a  =  B  =  -2Y  (if  uB  f  0,  then  one 
can  rescale  and  translate  the  variables  in  (1.14)  so  that  this  holds), 
let q  =  sinh(u/2)  to  obtain 


qt "  Vx  -  i[<wx/(l  *  q2)]x +  4a  A 


(1.19) 


(Equation  (1.19)  is  sometimes  referred  to  as  the  'deformed  MKdV  equation  [17] 
or  the  modified  MKdV  [18],  though  it  is  equivalent  to  the  CDF  equation.) 

We  also  note  that  both  equations  (1.15)  and  (1.16)  can  be  put  into 
rational  form  by  the  substitution  v  =  P(u). 


IB.  The  Painleve  Tests 

The  Painleve  ODE  test,  as  formulated  by  Ablowitz,  Ramani  and 
Segur  [19]  and  Hastings  and  McLeod  [20]  asserts  that  every  ordinary 
differential  equation  which  arises  as  a  similarity  reduction  of  a 
partial  differential  equation  solvable  by  inverse  scattering  is  of 
Painleve  type;  that  is,  it  has  no  movable  singularities  except  poles, 
perhaps  after  a  transformation  of  variables.  Ablowitz,  Ramani  and 
Segur  [19b]  and  McLeod  and  Olver  [21]  have  given  proofs  of  the  Painleve 
ODE  test  under  certain  restrictions.  Subsequently,  Weiss,  Tabor  and 
Carnevale  [22]  developed  the  Painleve  PDE  test  as  a  method  of  applying 
the  Painleve  ODE  test  directly  to  a  given  partial  differential  equation, 
without  having  to  study  any  similarity  reductions  (which  may  not  exist 


VV-V 


9 


anyway).  A  partial  differential  equation  is  said  to  possess  the 
Pa  ini  eve'  property  if  its  solutions  are  "single-valued"  in  the 

neighborhood  of  noncharacteristic  movable  singularity  manifolds. 

These  Painleve  tests  have  proved  to  be  a  useful  criterion  for  the 
identification  of  linearizable  partial  differential  equations.  The 
method  introduced  by  Weiss,  Tabor  and  Carnevale  (with  simplifications 
due  to  Kruskal  [23]),  involves  seeking  solutions  of  a  given  partial 
differential  equation  in  the  form 


u(x,t)  =  4>P(x,t) jf0Uj(t)<}>j(x,t) , 


(1.20a) 


with 


<p  (x,t)  =  X  +  f(t),  (1 .20b) 

where  f(t)  is  an  arbitrary,  analytic  function  of  t  and  u.(t),  j  =  0,1,2,..., 

sJ 

are  analytic  functions  of  t,  in  the  neighborhood  of  a  noncharacteristic 
movable  singularity  manifold  defined  by  C  =  0.  Essentially,  if  a 
given  partial  differential  equation  possesses  solutions  of  the  form 
(1.20)  where  p  is  an  integer  and  with  the  requisite  number  of  arbitrary 
functions  as  required  by  the  Cauchy-Kowalevski  theorem,  then  the  partial 
differential  equation  is  said  to  pass  the  Painleve  POE  test. 

However,  the  application  of  the  Painleve  tests  to  quasilinear 
partial  differential  equations  is  not  as  straightforward.  For  example, 
consider  the  Harry-Dym  equation  (Kruskal  [5]) 


.vv.v. . 


■v-W.  -r. O’, 


if.  |«,  i-| 


I  .<1  IJ  ftj  tj  l 


ut  s  ^(u 


which  is  known  to  be  linearizable  [6]  (see  also  [2b]).  Then  (1.21) 
does  not  directly  (i.e.,  without  a  transformation  of  variables)  pass 
the  Painleve  PDE  test  since  it  has  an  expansion  of  the  form 


u(x,t)  =  c'  /J(x,t)  Y  u-(t)o  /3(x,t). 


(1.22) 


with  <J)(x,t)  =  x  +  f(t),  in  the  neighborhood  of  a  noncharacteristic 
movable  singularity  manifold  defined  by  0  =  0  and  so  has  movable  cube 
roots  (see  Weiss  [24]  for  details).  If  an  equation  has  an  expansion 
of  the  form 


u(x,t)  =  $  p/r(x,t)  l  u.(t)0j/r(x,t), 

j  =  0  J 


where  p  and  r  are  integers  determined  from  the  leading  order  analysis, 
then  the  equation  is  said  to  be  "wea k-Pa i nleve" .  However,  as  was 

3 

pointed  out  earlier,  the  non  linearizable  equation  u^.  =  uxxx  +  u  ux 
is  also  weak-Painleve. 


(1.23) 


I.  SECOND  AND  THIRD  ORDER  QUASI L I  NEAR  PARTIAL  DIFFERENTIAL  EQUATIONS 


An  extended  hodograph  transformation  comprises  of  the  change 


of  variables  u  -  v 


(u(x,t))  followed  by  a  pure  hodograph  trans¬ 


formation,  and  therefore  these  transf orma t i ons  are  simply  related. 

We  first  consider  the  pure  hodograph  transformation  in  more  detai 


Then  using  (1.7) 


3  =  f,  3  +  t  d  =  u  3  . , 

x  ’x  Q  XT  X  r 


(2. 


3 .  =  f.3  ♦  t.3  -  u3  +  3  , 

t  t  ^  t  T  t  C  T 


(2. 


Therefore  the  Jacobian  of  this  transformation  is  u  .  Similarly  for 


the  inverse  transformation  (2.1)  we  have 


3  r  =  x  3  +  tr3f  =nr3, 

t,  £,  x  (  t  £  x 


(2. 


3  =  x3+t3.  =  n  3  +  3 

t  t  x  t  t  tx  t 


(2. 


Under  a  pure  hodograph  transformation,  derivatives  transform  as  follows 


u  =  ,  u  =  -n  n'\ 

x  £  t  x  £ 


(2. 


-3 


u_  =  -nrrT'!,  ,  u 


xx 


xxx 


-r!r  r  r  n”4  +  3’  r ?  n”6  >  (2. 


or  inversely 


nr  =  u  , 


■u.  u 
t  x 


(2. 


-3 

nrr  =  -u  u  , 
££  xx  x 


-4  -2  -5 

r  c  c  r  =  -u  u  +  3u  u  , 
f  r  >  xxx  X  xxx 


(2. 
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Therefore  the  linear  partial  di fferent i a  1  equation 


u  =  u  , 
t  xxx 


(2-6) 


under  a  pure  hodograph  transforms  to 


nT  =  n€«ne3 


-1  2  -4 

3"«n5  ■ 


Note  that  if  one  applies  a  pure  hodograph  transformation  to  a  partial 
differential  equation  in  potential  form  (that  is  an  equation  which  does 
not  depend  explicitly  on  the  dependent  variable)  which  also  does  not 
depend  explicitly  on  the  independent  variables,  then  the  resulting 


equation  is  also  in  potential  form  with  no  explicit  dependence  on  the 
independent  variables.  Therefore,  before  applying  a  pure  hodograph 
transformation  to  a  given  partial  differential  equation,  we  shall 
put  the  equation  into  canonical  potential  form. 


We  now  consider  second  order  quasi  linear  partial  differential 


equations . 


1 1  A.  SECOND  ORDER  QUAS I L I  NEAR  PARTIAL  DIFFERENTIAL  EQUATIONS 


The  most  general  second  order,  quasilinear  partial  differentia' 
equation  of  the  form 


Ut  =  g(u)V  +  t(u’u*> 


with  dg/du  }  0,  which  may  be  transformed  via  an  extended  hodograph 


13 


transformation  to  a  semi  linear  partial  differential  equation  of  the 
form 

St  =  +  G ( S , S ^  ),  (2.9) 

is  given  by 

ut  =  9^u^uxx  +  ^ - 2~^ux  +  b'(u)ux’  (2.10) 

where  '  =  d/du,  and  g(u)  and  b(u)  are  arbitrary  functions  which  are 
twice  and  once  differentiable,  respectively.  Furthermore,  equation 
(2.9)  is  equivalent  to  the  equation 

vt  ■  ♦  H'vx)-  <2-"> 

which  is  transformed  via  a  pure  hodograph  transformation  to 

nT  =  r,f -  nrH(  1 )  .  (2.12) 

Proof 

In  equation  (2.8)  we  make  the  transformation 

:  t,  r  =  F(x,  t) ,  r(  r  ,  r)  =  u(x  ,  t ) , 

then  (2.8)  becomes 


'  ■  ‘VviC 


VlN  -"*■  A  .*»'  %  A  ,>  '  "V  A 

A  A  V*.  «  .  J 
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W.tiWJi*.VAVi?V 


'i.  r  g(u)F‘ 


(9f„  -  Ft),.r  •  f(.  .  ,,  F,). 


Now  choose  F  such  that 


gF2  =  1,  i.e.,  F  =  g'1/2, 

X  X 


(2.13a) 


Ft  =  A(u’ux)« 


(2.13b) 


where  A(u,u  )  is  such  that  the  compatibility  of  (2.13)  (i.e.,  F  =  F  ) 

a  X  t  IX 


implies  (2.8).  Therefore 


g  u  =  A  u  +  A  u  , 
33  3  t  u  x  u  xx 

x 


(2.14) 


where  Au  =  3A/9u,  Ay  =  3A//3u  ;  using  (2.8) 


1  -1/2 

-  j9  9'uxx  *  9 H",\)  ■  Vx  +  ^uxx. 


(2.15) 


Equating  coefficients  of  u^^  to  zero  in  (2.15),  it  is  seen  that 


A(u,ux)  =  -^g’1/2g'ux  +  a ( u ) , 


(2.16) 


where  a ( u )  is  an  arbitrary  function.  Also  from  (2.15) 


a  1  -3/2  ,,, 

Auux  =  "  39  ^  f(u,u) 


(2.17) 


Therefore,  from  equations  (2.16)  and  (2.17)  we  find  that 


f(u,ux)  =  (Sjp  -  f)u2x  ♦  b'(u)ux. 


where  b(u)  is  an  arbitrary  function.  Hence,  it  follows  that  the  most 
general  equation  of  the  form  (2.17)  which  is  transformed  via  the 
extended  hodograph  transformation 


(2.18) 


=  t,  c  =  J* g_1^2(u(x ' , t) )dx ' 


into  a  semil inear  partial  differential  equation  has  the  form 


ut  ‘  9(u)uxx  *  <af-  -  f>“x  *  b'(u>V 


(2.19) 


We  now  wish  to  transform  (2.19)  into  semi  linear  form.  Our  algorithm 

is  to  put  (2.19)  into  a  canonical  (potential  form)  partial  differential 

equation  and  then  apply  a  pure  hodograph  transformation  to  convert  the 

canonical  equation  into  a  semilinear  equation.  In  (2.19)  we  make  the 

_2 

transformation  g(u)  =  vx  and  obtain 


v  =  v  v  +  H(  v  ) , 

t  X  XX  X 


(2.20) 


where  H  is  expressible  in  terms  of  b.  Equation  (2.20)  is  the 
canonical  equation  (since  al1  equations  of  the  form  (2.19)  are  equivalent 
to  (2.20)).  It  is  essential  that  the  ratio  of  the  coefficients  of 
v  and  v  in  (2.20)  is  v  in  order  that  the  quasilinear  equation  is 

X  A  C  X 

transformed  into  a  semilinear  one  via  a  pure  hodograph  transformation. 
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Finally,  applying  a  pure  hodograph  transformation  to  (2.20),  we  obtain 


ni  =  nC6  "  n£H(n 


(2.21) 


as  required. 


Therefore  in  summary,  in  order  to  determine  which  equations 


of  the  form 


ut  =  g(u)uxx  +  f(u,ux). 


(2.22) 


where  ^  f  0  and  f(u,ux)  is  a  rational  function  of  u  and  ux> 

are  1 inearizable,  it  is  sufficient  to  consider  the  canonical  equation 


v.  =  v  v  +  H( v  ) , 
t  x  xx  '  x ' 


(2.23) 


where  H(vx)  is  a  rational  function  of  v  .  Applying  a  pure  hodograph 
transformation  to  (2.23)  yields 


=  n55  -  -v  • 


This  can  be  put  into  non-potential  form  by  making  the  transformation 


w  =  n,  ,  hence 


w7  =  wf r  +  h(w)wr  , 


(2.24) 


It  is  shown  in  Appendix  A  that  equation  (2.24)  can  pass  the  Painleve 
tests  if  and  only  if 

h(w)  =  2<l  w  +  c.  , 

where  a  and  6  are  constants.  Hence  from  (2.25), 

H(  w)  =  aw  ^  +  6  .  ( 2. 2( 

Therefore,  this  suggests  that  the  most  general  partial  differential 
equation  of  the  form  (2.22)  which  is  linearizable  is  equivalent  to 
the  equation 

u  =  (u  ^u  )  +  au  ^u  .  (2.2 

t  X  X  X 

We  use  the  word  "suggests"  because  we  are  aware  that  the  Painleve  tests 
have  not  yet  been  proven,  though  there  is  considerable  evidence  suggesting 
their  validity.  This  completes  the  "proof"  of  the  result  first  obtained 
by  Fokas  and  Yortsos  [4],  However,  the  method  in  the  present  paper  is 

somewhat  simpler  than  that  used  in  [4]  and  is  easily  genera  1 izable  to 
h i g he r  order  quasilinear  partial  differential  equations. 
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I  IB.  THIRD  ORDER  QUAS I L I  NEAR  PARTIAL  DIFFERENTIAL  EQUATIONS 


Proposition  2. 2 _ 


The  most  general  third  order,  quasilinear  partial  differential 


equation  of  the  form 


u.  =  g(u)u  +  f(u,u  ,u  ),  -7^ 

t  3  xxx  x  xx  du 


o. 


(2.28) 


which  may  be  transformed  via  an  extended  hodograph  transformation 


to  a  semilinear  partial  differential  equation  of  the  form 


v  wG(s-W’ 


(2.29) 


is  given  by 


ut  =  g(u)u  +  B  (u,u  )u  +  By  (u,u  )u 

L  XXX  U  XX  Y  X/ 


*  < f-  -  3t-)B<u’u,)u,  *  -  f)uxux,' 


(2.30) 


where  B^:  =  3B/3u,  Bu^  :  =  aB/Ju^,  prime  denotes  derivative  with 


respect  to  u,  and  g(u)  and  B(u,ux)  are  arbitrary  functions.  Furthermore, 


equation  (2.29)  is  equivalent  to  the  equation 


v.  =  v  v  +H(v,v  ), 
t  xxxx  xxx 


(2.31) 


which  is  transformed  via  a  pure  hodograph  transformation  to 


•  *  .*  .«  •>  -j.  -  A 


aoae 


V? 


V.r'  r';.HK  ’  * 


-3. 


Proof. 


In  equation  (2.28)  we  make  the  transformation 


T  =  t,  f  =  F(x,t),  n(F,t)  =  u(x,t), 

then  (2.28)  becomes 


nx  =  9(u)Fxn^c+  3gFxFxxnu+  (gFxxx  -  Ft)n, 


+  f(n,nrF  ,  F2n  +  F  n 2) 
'  r  x  x  CC  xx  r  ' 


Now  choose  F  such  that 


gFx3  -  1.  i.e.,  Fx  =  g-1/3, 


F  =  A(u  ,u  ,u  ) , 
t  x  xx 
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(2.32) 


(2.33a) 


(2.33b) 


where  A(u,ux,uxx)  is  such  that  the  compatibility  of  (2.33)  (i.e.. 


Fxt  *  F  )  implies  (2.28).  Therefore 


1  -4/3  ,  .  - 

,g  gu=Au+Au  +  A  u  , 
3  t  ux  u  xx  u  xxx 


xx 


or  using  (2.28) 


&■ 


» 

<  *  i 

v, 


y 


-v 

•S 

» 


a 


-V 

■V 


A 

h 


§ 


» 


$ 


N 


S3 


» 

v> 

$ 


I 


H 


I  -1/3  ,  1  -4/3  ,,,  , 

?g  g  v,.  '  3g  g  f(u>lvuvJ 


X  XX 


=  A  u  +  A  u  +  A  u 
u  x  u  xx  u  xxx 
x  xx 


(2-34) 


By  collecting  terms  and  equating  the  coefficient  of  uxxx  to  zero  in 


(2.34),  it  is  seen  that 


fl(u*vu*,> = 


1  -1/3  ,  A  ,  . 

p  g  uxx  +  a(u,uv). 


(2.35) 


where  a(u,ux)  is  an  arbitrary  function.  Also 


A  u  +  A  u 
u  x  u  xx 
x 


1  -A/3  ,  ,,  . 

39  g  uxf(u,ux,uxx) 


(2.36) 


Therefore,  from  equations  (2.35)  and  (2.36)  we  find  that 


f(u,u  ,u  )  =  -3(g^3/g'  )[a  u  +  a  u  ]  +  (gg ,  -  ^-)u^u  , 

x’  xx'  3  /L  u  x  u  xxJ  v  g  3  x  xx 


B  (u,u  )u  +  B  (u,u  )u  +  (^-j—  -  ^-)B(u,u  )u 
u  x '  x  u  x '  xx  g  3g  " 


X  X 


,  (Sail  .  al)u2u  , 

g  3  x  xx 


(2.37) 


4/3 


where  B(u,ux):  =  -3(g  /g')a(u,ux).  Hence,  it  follows  that  the 


most  general  equation  of  the  form  (2.36)  which  is  transformed  via  the 
extended  hodograph  transformation 


t,  J  '  3(u(x'  ,  t )  )dx  ' 


I 

A 


V, 

L 


S 

V 

V 

.V 


V 

y 

y 


V 


y, 

j • 


» 


Ur.  m.  AkV  f'jm f  .  .  j\l  "  .V*  .-Jt  "  « i  :_JI  kV  >  LkV  fcVkV*V 


into  a  semi  linear  partial  differential  equation  has  the  form 


g(u)u  +  B  (u,u  )u  +B  (u,u  )u 

3  XXX  U  X  X  u  x'  XX 

X 


+  (^-7—  -  ^-)8(u,u  )u  +  (^ ,  -  i-)u  u  , 

g  3g  x  x  g  3  '  x  xx 


(2.38) 


In  (2.38),  make  the  transformation  g(u)  =  v^  ,  then  we  obtain 


_  O 

v,.  =  v  v  +  H( v  , v  ), 
t  x  xxx  x  xx 


(2.39) 


where  H(vx«vxx)  is  expressible  in  terms  of  B(u,ux)  and  g(u).  Therefore, 
(2.39)  is  the  canonical  equation  (again,  since  all  equations  of  the 
form  (2.38)  are  equivalent  to  (2.39)).  Finally,  applying  a  pure 
hodograph  transformati on  to  (2.39),  we  obtain 


n. H ( nr 


-3, 

n«nc.) 


(2.40) 


as  required. 

Thus  proposition  2.2  provides  an  algorithmic  method  of  transforming 
the  quasilinear  partial  differential  equation 


u.  =  q(u)u .  +  f (u,u  ,u  ) 


+  (jjr-  -  )B(u,u  )u  +  (^T-  -  i-)u  u  , 
g  3g  x  x  g  3  x  xx 


(2. 


into  a  semilinear  partial  differential  equation;  i.e. 


1.  Put  equation  (2.41)  into  the  potential  canonical  form  by  making  the 

-1/3 

transformation  v^  =  g  (u);  hence  we  obtain 


_3 

v.  =  v  v  +  H(v  ,v  ) 
t  x  xxx  x  xx 


(2. 


2.  Apply  a  pure  hodograph  transformati on  to  equation  (2.42);  hence  we 
obta  i  n 


=  '  nfH(rV 


-3, 

-  ). 


(2. 


3.  The  resulting  partial  differential  equation  will  be  in  potential 
form  and  usually  one  first  puts  the  equation  into  nonpotential 
form  by  making  the  transformation  w  =  ~ c  .  Furthermore,  if  the 
resulting  semilinear  partial  differential  equation  is  1 i neari zabl e, 
then  it  can  be  expected  to  be  equivalent  to  one  of  the  six  partial 
differential  equations  given  by  Svinolupov,  Sokolov  and  Yamilov 
[14],  which  are  listed  in  1  (equations  (  1  .  1  1  )  -  (  1  .  1  6 ) )  . 

Therefore  it  may  be  necessary  to  seek  a  change  of  dependent  variables 
w  =  ; ( Q)  and  write  the  resulting  equation  in  non -potent i a  1  form. 


An  alternative  approach  is  to  apply  the  Painleve  tests  directly 


r 
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on  the  semilinear  equation,  provided  that  the  nonlinear  evolution 
equation  is  in  rational  form  (i.e.,  H  in  (2.43)  is  a  rational 

function  of  its  arguments). 

There  are  two  remarks  we  wish  to  make  about  the  above  procedure. 

1.  It  is  important  to  first  put  equation  (2.41)  into  canonical  form 

-1/3 

by  making  the  transformation  v^  =  g  (u)  before  applying  the  pure 
hodograph  transformation  (otherwise  the  partial  differential  equation 
will  remain  quasi  1 i near) .  To  demonstrate  this,  consider  the  Harry- 
Dym  equation 


,  1/2, 

u.  =  (u  ) 

t  v  'xxx 


First  put  (2.44)  into  potential  form  by  letting  v^  =  u,  then 


(2.44) 


v  =  (v"1/2)  . 

t  X  XX 


(2.45) 


Applying  a  pure  hodograph  transformation  to  (2.45)  gives 


,  -1/2, 

\  =  K  V  r  » 


which  is  just  the  same  equation  (i.e.,  the  potential  Harry-Dym 
equation  is  invariant  under  a  pure  hodograph  transformation) . 

2.  If  the  quasilinear  partial  differential  equation  is  not  in  the  special 


-<1 


y. 

■A 

V, 


V 

$ 


% 


3 

■A 


■.'I 

a 


.y 

•.v 

'.V 

Si 

♦ 

vl 
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the  above  conditions  are  not  satisfied),  we  mean  "nonl i near i zab  e, 
subject  to  the  validity  of  the  Painleve  tests",  i.e.,  in  these  c>  ses 
the  equation  is  "probably  nonl inearizable. " 


Example  2.3 

In  this  example  we  determine  for  which  values  of  the  constant 

is  the  equation 


3  ,  2 

U.  =  U  U  +  HU  u  u 
t  XXX  X  XX 


linearizable.  Equation  (2.47)  was  considered  by  Kawamoto  [9],  where 

we  note  that  if  a  =  0,  then  (2.47)  is  equivalent  to  the  Harry-Dym 

equation  v  +  ^^Xxx  =  ^  (set  u  =  v In  order  to  set  (2.47) 

in  canonical  form  we  make  the  transformation  v  =  1/u,  hence 

x 


=  v"3v 

X  XXX 


- 


3)v'4v  ‘ 

X  XX 


Applying  a  pure  hodograph  transformati on  to  (2.48)  gives 

1,  ,,  2  -1 
nr  =  n«c  2(“  "  3)nC5  \ 

We  now  apply  a  sequence  of  transformations  to  (2.49).  First  we  put 
(2.49)  into  non-potential  form  by  letting  w  =  n  hence 

*T  =  wf  rr  +  ^('i  -3)  (w3/w)r  . 


Then,  in  order  to  determine  whether  (2.50)  is  equivalent  to  one  of  the 
six  linearizable  equations  given  by  Svinolupov,  Sokolov  and  Yamilov 
[14]  (equations  ( 1  . 1 1 )-( 1  . 16)),  we  let  Q  =  In  w,  hence 


CHW7DTO l.". w^V-A^jv w'v ’A  v*  v  vV'J'.v.V.y.v.  v.  <,.»->T.'rir»wiw’v  k’X'w  wa  a  _  y*  _-.  .1 • 
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Qt  =  Q,f  f>  +  -.Qf  Or/  +  |(u  -1)  U- . 

Finally,  putting  (2.51)  into  non-potential  form 


(2.51  ) 


%  =  ^rM  +  %)  +  §(a  -l)q2q  .  (2.52) 

(additionally  it  is  simpler  to  apply  Painleve  analysis  on  equation 

(2.52)  rather  than  on  (2.50)).  It  is  shown  in  Appendix  B  that  equation 

(2.52)  can  pass  the  Painleve  tests  only  if  either  a,  =  o,  a  =  3/2  or 
a  =  3.  If  a  =  0,  then  (2.52)  is  the  MKdV  equation,  which  is  known  to 
be  linearizable  [22].  If  a  =  3/2  or  a  =  3  (after  rescaling  q),  then 

(2.52)  is  the  second  equation  in  the  Burgers'  hierarchy 

qT  =  qKC  +  ^{qq«  +  qc}  +  ^  qS  (2-53) 

(Olver  [25]),  which  is  reduced  by  the  Cole-Hopf  transformation 


q  =  2(ln  u)  =  2u  /u, 

T  K  £ 

to  the  linear  partial  differential  equation 


(i.e.,  equation  (2.53)  is  equivalent  to  (1.11)).  Therefore  we  conclude 
that  equation  (2.47)  is  linearizable  only  for  these  throe  values  of  >. 
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Example  2.4 


Consider  the  equation 


ut  =  [ux(l  +  u2)  3/,2]/x  +  ?«xux(l  +  u2) 


2, -3/2 


(2.54) 


where  a  is  a  constant.  Note  that  if  a  -  0,  then  (2.54)  is  an  equation 

which  was  shown  to  be  linearizable  by  Wadati,  Konno  and  Ichikawa  [6a]. 

To  put  (2.54)  into  canonical  form  we  make  the  transformation 
?  1  /2 

v  =  (1  +  u  )  ,  hence  we  obtain 


*t  *  «;\.x  -  l%4vt<i  -  2*»)/c  -  -«%2- 


Applying  a  pure  hodograph  transformation  to  (2.55)  gives 


(2.55) 


.  3  .  3 

anc  2 


which  has  the  non-potential  form  (w  =  n  ) 


2  \  2  2 

w  =  w,  __  +  3-iW  wr  +  f[ww  /  ( 1  -  w  )  L  ■ 

t  c  ^  f. 


(2.56) 


Equation  (2.56)  is  equivalent  to  equation  (1.19)  (after  rescaling  the 
variables),  which  is  known  as  the  'deformed  MKdV  equation  [17]  or 
'modified  MKdV'  equation  [18]  and  as  shown  in  -.1,  is  equivalent  to  the 
CDF  equation  (1.14)  via  the  transformation  w  -  cosh(q/2).  Hence 
we  obtain 
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qi  =  qr;r  "  8  <  +  3  lsinh£'(q/2)qr  , 


qT  =  qCCC  "  8qC  +  t 


-  Ul  +  ^(eq  -  2  +  e"q)qr 


(2.57; 


If  u  -  0  then  (2.57)  is  the  potential  MKdV  equation,  while  if  <1  t  0, 
then  (2.57)  is  the  CDF  equation.  Therefore  equation  (2.54)  is 
linearizable  for  all  values  of  a. 


Example  2.5 


Consider  the  equation 


(2.58) 


where  f  is  a  rational  function  and  prime  denotes  differentiation  with 

respect  to  the  argument.  The  objective  is  to  determine  for  which 

choices  of  f  is  (2.58)  linearizable  (note  that  if  f'  =  0,  then  (2.58) 

is  the  Harry-Dym  equation).  First  we  put  (2.58)  into  canonical  form  by 

1  /2 

making  the  transformation  v^  =  u  ;  hence  we  obtain 


-3  3-42  ft  \ 

V  =  V  V  -  oV  V  -  f  ( V  )  . 
t  x  xxx  2  x  xx  x 


(2-59) 


Applying  a  pure  hodograph  transformation  to  (2.59)  gives 


.  3  3  -1  _  ,  -1} 

nT  nf ; ;  2'; ,'f  t  VS,  ]' 


which  has  the  non-potential  form  (w  =  n .  ) 


where  g(w):  =  w  f(l/w).  It  can  be  shown  that  (2.60)  can  pass  the 
Painleve  tests  if  and  only  if 


hence 


g(w)  =  a  wJ  +  H  w  +  >  w  , 


-2  2 
f(w)  =  aw  +  6  +  yw  , 


where  a,  6  and  y  are  arbitrary  constants  (see  Appendix  C  for  details). 
Note  that  equation  (2.60)  with  g(w)  as  given  by  (2.61)  is  just 
equation  (1.18),  which  is  equivalent  to  the  CDF  equation  (1.14)  if 
either  a  t  0  or  y  /  0  (let  w  =  eU^);  if  a  =  y  =  0  and  q  =  w^/w,  then 
q  satisfies  the  MKdV  equation,  hence  equation  (2.60)  with  g(w)  as 
given  by  (2.61)  is  1 inearizable.  Therefore,  we  conclude  that  the  most 
general  equation  of  the  form  (2.58)  which  is  1  inearizable  is 


,  ,,  -1/2,  A  9  1/2  9  -3/2  n 

j.  +  2(u  +  2yu  u  -  2au  u  =  0. 

t  xxx  '  x  x 


III.  HIGHER  0R0ER  QUASI  LI  NEAR  PARTIAL  DIFFERENTIAL  EQUATIONS. 


The  method  developed  for  second  and  third  order  quasilinear  partial 
differential  equations  can  easily  be  extended  to  higher  order  equations. 
Propos i t i on  3.1 


The  most  general  quasilinear  partial  differential  equation  of 


the  form 


Ut  =  9(u)unx  +  f(UlUx . U(n-l)xK  Un>  *  ~  ’  / 


which  may  be  transformed  via  an  extended  hodograph  transformation 


to  a  semilinear  partial  differential  equation  of  the  form 


S,  =  S„r  *  G(s’sf . S(n-l)f>- 


is  given  by 


u.  =  g(u)u  +  (2— r  -  — -  )B(u,u  )u 

t  av  '  nx  '  g  n  g  '  '  x’  (n-2)x'  > 


*  “/«  *  £  Bu<r-1  )xUrx+<a9T_  ' 

r=2 


where  prime  denotes  derivative  with  respect  to  u,  and  g(u)  and 
B(u,ux> . . . »u(n_2)x)  are  arbitrary  functions.  Furthermore,  equation 
(3.2)  is  equivalent  to  the  equation 


v  =  V  v  +  H( v  ,v  , . . .  ,V/  , »  ) , 

t  x  nx  x  xx  ( n-1  )x 


which  is  transformed  via  a  pure  hodograph  transformation  to 


rit  =  "nr  +  H(V  V—-  r|(n-l)r,}- 


*.  V  ■  -V  -V 


Proof 


The  proof  is  analogous  to  those  for  Propositions  3.1  and  2.2 


above  and  so  we  shall  only  sketch  an  outline.  In  equation  (3.1)  we 


make  the  transformation 


T  =  t,  C  =  F(x,t),  n  (r  ,T  )  =  U  ( X  ,  t ) , 


and  choose  F  such  that 


r  n  i  r  -1/n 

g  Fx  =  1 ,  i .e. ,  Fx  =  g  , 


(3.6) 


Ft  =  A(u’ux ’ ‘  “  ,u(n-l )x ^ ’ 


(3.7) 


where  A(u,ux>. . . .U(n_i jx)  is  such  that  the  compatibility  of  (3.6) 


Fxt  =  F  )  implies  (3.1).  Therefore 


1  -1/n 


-q  q  u  -  - 
n3  3  xxx  n 


1  (n+1  )/n  \ 

-g  g  f  u.u  , . . . , u ,  , N 

n3  3  x  c  n  —  1 ) x 


=  A  u  +  I  A  i 

U  X  ‘U  '  ■»  \ 

2  r_1)x 


(3.8) 


Hence 


A( u ,u  , . . . , u , 


)  -~9 


-(n+1 ) / n  , 


Jx  ’ '  '  ‘  ,u(  n- 1  )  x  ;  --*9  g'  [gu(n-!  )x 


+  B(u,ux,...,u(n_2)x)], 


(3.9) 


asms ^ 


SB 
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where  B(u,u 

x 


U/  )  is  an  arbitrary  function.  Therefore,  from 

’  (  n  -  2  )  x 


equation  (3.9)  we  find  that 


f(u,u 


,u 


(n-1  )x 


V 


ml 

n 


2~)B(u>ux . U(n-2)xK 


+  B  u  + 

U  X 


n-1 

2  B. 

r  =  2 


U(r-l)x 


u  + 
rx 


n  ^ u  x  u  (  n  - 1  )  x  ’ 


(3.10) 


Hence,  it  follows  that  the  most  general  equation  of  the  form  (3.10) 
which  is  transformed  via  an  extended  hodograph  transformation 
into  a  semilinear  partial  differential  equation  has  the  form  (3.3) 
as  required.  Equation  (3.4)  is  obtained  from  (3.3)  by  making 
the  transformation  vx  =  g"1,/n(u),  where  H(  vx>. . .  »v(n_i)x)  is 

expressible  in  terms  of  B(u,ux, . . .  »u(n_2 )x)  and  9(u)  anc*  therefore  is 
the  canonical  equation.  Finally,  equation  (3.5)  is  obtained  by  applying 
a  pure  hodograph  transformation  to  (3.12). 

Proposition  3.1  provides  an  algorithmic  method  of  transform, ng 
the  general  quasilinear  partial  differential  equation 


ut  =  9(u)unx  +  f(u’V-'-’u(n-l), 


) 


(3.11a) 


where 


f (u »ux , . . . ,U( n_ j ) x )  =  (|r-  -  ^  l -)B(u,ux,...,u(n.2)x) 


n  - 


ByUx  ,;Bu(r-l)x^rX  '  9 


r  ■  c 


u-  +  ‘  ^“)uxU(n-l  )x’ 


(3.11b) 


into  a  semilinear  partial  differential  equation  as  follows: 


y, 


j»  i 


wvw;w  to  if.  KjI  ■gygygyyw  w  u  "v  »y  r.i^c-HC'rYr'v  Tvr.1 »  *.->o  <n  <n  v  <.- «--  >.w».-«- •.- 
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1.  Put  equation  (3.11)  into  the  potential  canonical  form  by  making 


-1/n, 


the  transformation  v^y  1  (u);  hence  we  obtain 


v  =  v  '  v  +  H( v  ,v  , . . .  ,v,  ,  N  ) . 

t  x  nx  x  xx  (n-l)x' 


(3.12) 


2.  Apply  a  pure  hodograph  transformation  to  equation  (3.12);  hence  we 
obtain 


]t  =  V  +  H^n^’  nCC’'  ‘  ‘  ’n(n-l  )£ 


(3.13) 


3. 


The  resulting  partial  differential  equation  will  be  in  potential 
form  and  usually  one  first  puts  the  equation  into  nonpotential  form 
by  making  the  transformation  w  =  n^.  It  may  also  be  convenient  to 
seek  a  change  of  dependent  variables  w  =  <J>  (Q)  (and  then  write  the 
resulting  equation  in  non-potential  form  if  necessary)  and  then  apply 
the  Painleve  tests  to  the  semil inear  equation  to  determine  if  it 
is  possibly  1 ineari zable .  (For  fourth  and  higher  order  semilinear 
partial  differential  equations,  there  is,  at  present,  no  equivalent 
theorem  to  the  one  given  by  Svinolupov,  Sokolov  and  Yamilov  [14] 
for  third  order  equations.) 
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Example  3. 1 


In  this  example  we  consider  the  equation 


ut  ’ 


which  was  shown  by  Konopel chenko  and  Dubrovsky  [26]  to  be  the 
compatibility  condition  of  the  linear  operators 


3/2.3 
u  3  , 
x  * 


9u5/2s5  +  45  u3/2u  34  +  15u3/2u  33+3 

x  2  xx  xx  x  t 


where  3^=  3/3x,  3^ =  3/3t  (i.e.,  LM  -  ML  =  0  if  and  only  if  u  satisfies 

(3.13)). 

We  first  put  (3.14)  into  canonical  form  by  making  the  trans- 
-1/2 

formation  v  =  u  ,  hence  we  obtain 


Vt  =  vxSx  '  10%6(v2xv4x  +  v3x}  +  60v>’7v2x2v3x  ‘  45vx‘8vxx‘ 


Applying  a  pure  hodograph  transformation  to  the  above  equation  we  obtain 


,  s  r  .  5.  •  ■  -1  +  5,  2  ,  ,.-2 

t  5  r  2  '  4  ■  '  s  2r  '  3 


which  has  the  nonpotential  form 


- 1  -  2  2  2 

WT  '  -  5w  (w.  +  w^.  w^.  )  +  1  Ow  (wfw^.  ♦  w. 


-  1  Ow  3w3w^  .  ( 3 

^  rf  m.  f f  if-  f  *  -  *  ./k 
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We  now  let  Q  =  In  w,  hence 


o,  -  05r  4  5V*;  •  5Q5QL  -  5^3i  *  »;• 


which  has  the  nonpotential  form 


qT  =  q5?-  +  5\q3^;  +  5q2£  "  5qf  '  20qcVq2r  "  5q2q3c  +  5q\  •  (3.17) 


Equation  (3.17)  can  be  transformed  into  two  linearizable  fifth  order 
equations.  Fordy  and  Gibbons  [27]  show  that  if  q  satisfies  (3.17) 
and  u  and  v  are  defined  by  the  Miura  transformations 


u  =  -q,  -  q  ,  v  =  qc  -  ?q  , 


(3.18) 


then  u  and  v  respectively  satisfy  the  Sawada-Kotera  equation  [28] 
(sometimes  referred  to  as  the  Caudrey-Dodd-Gi bbon  equation  [29]) 


u  =  u r  +  5uu,r  +  5uru0r  +  5u  ur, 
t  5f  3 f  f  2£)  £, 


(3.19) 


ar.d  the  Kaup  equation  [30]  (sometimes  referred  to  as  the  Kuperschmidt 
equation,  cf.  [27]) 


v^  =  v^.  +  lOvv,.  4  ?5v,  v ,,  .  4  20v  v.  . 


Both  equations  (3.19)  and  (3.20)  are  known  to  be  1  i  nea r  i  zabl e  ,  see  [31] 
and  [30]  respectively.  This  shows  that  eqiation  (3.14)  is  the  quasi- 


linear  analogue  of  equation  (3.17),  which  is  linearizable  and  so  (3.14 
should  not  be  regarded  as  a  "new"  linearizable  fifth  order  equation. 


Example  3.2 


The  second  equation  in  the  Harry-Dym  hierarchy  is  given  by 


u.  =  u^[u(uu  -  iu ^ ) ] 
t  L  xx  2  x,Ji 


5  ^  c  4,  A  ,532 

u  u5x  +  5u  (uxu4x  *  Uxxu3x)  *  JU  Ujlu3x 


(3.21) 


(see  [2b]  or  [32]).  We  first  put  (3.21)  into  canonical  form  by  making 
the  transformation  vx  =  u"'*,  hence  we  obtain 


-5 

v  =  v  vr 
t  x  5x 


!\6(4''2x,4x  '  3v3*> 


L  105  -7  2  315  -8  4 

2  x  2x  3x  8  x  xx 


(3.22) 


Applying  a  pure  hodograph  transformation  to  (3.22)  gives 


r  -1  52-1 

r,  =  p  -  S’  "  r  —  — 
t  5 5  2\  4  5  5  2  5  5  '5 


25  2 

2  2  '  '  3  ■ 


-2  _  4_5  4  -3 

8  '‘s’- 
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which  has  the  nonpotential  form 


- 1  35-22 

w  =  wc  -  5w  (w  w.  +  2w0  w,  )  +  75-  w  wfw.,, 
T  5^  4  r.  Hr  3r  2  £  ^ 


+ 


55 

2 


2  -2 
wCW2rw 


95  -3  3 

v  w  w  w0 

2  5  2C 


+ 


135 

8 


5  -4 
w  w 

£ 


As  in  Example  3.1  above,  we  now  let  Q  =  In  w,  hence 


(3.24) 


Q  - 

T 


-  !«y>l? 


2 

Q  Q 
\  3, 


M5' 


which  has  the  nonpotential  form 


qT  =  q5C  ■  hi '  10qqcq2,:  •  !q2q3C  +  (3-25) 

Equation  (3.25)  is  the  second  equation  in  the  MKdV  hierarchy  (see[25]). 

This  provides  further  evidence  of  the  close  relationship  between 
the  Harry-Dym  equation  and  the  MKdV  equation.  It  is  well  known  that 
the  inverse  scattering  schemes  for  the  MKdV  equation  and  the  Harry-Dym 
equation  are  related  through  a  sequence  of  gauge  transformations  which 
also  involve  an  interchange  of  independent  and  dependent  variables 
[34]  (see  also  [35]).  Since  the  recursion  operator  for  the  Harry-Dym 
equation  is  well  known  ( c f .  [2b],  [32]),  then  using  a  theorem  due  to 
Fokas  and  Fuchssteiner  [36],  it  can  be  shown  that  these  recursion 
operators  (or  hereditary  symmetries  in  the  terminology  of  [36]) 
are  related  by  a  Backlund  transformation. 


IV.  DISCUSSION 


In  this  paper  we  have  discussed  thy  relationship  between  quasi- 

linear  and  semilinear  partial  differential  equations.  In  particular, 
an  algorithmic  procedure  was  developed  for  finding  the  quasi  linear 
(semilinear)  analogue  of  a  given  semilinear  (quas i 1 i near )  equation 
(if  it  exists).  Furthermore,  the  associated  quasi  1  inear  (semilinear) 
equation  is  unique  up  to  equivalence.  This  procedure  provides  a  simple 
algorithmic  method  for  determining  whether  a  given  quasilinear  partial 
differential  equation  might  be  1 inearizable.  Consequently,  several 
quasilinear  partial  differential  equations  which  might  appear  initially 
to  be  "new"  linearizable  equations  are  actually  equivalent  to  the 
quasilinear  analogue  of  a  semilinear  equation  which  is  known  to  be 
integrable. 

For  example,  Abellanas  and  Galindo  [37]  showed  that  the  quasi¬ 
linear  equation 


u.  =  (au‘ 


cm 


,  3/2 
y)  u 


XXX 


(4 


where  a,  6  ,  y  are  constants,  possesses  a  bihami 1 tonian  structure  and 
hence  an  infinite  number  of  nontrivial  conservation  laws.  Note  that 
equation  (4.1)  contains  as  special  cases  both  the  Harry-Dym  equation 


3 

u  =  u  u 

t  XXX 


and  an  equation  considered  by  Bruschi  and  Ragnisco  [38] 


i  la*  L*  |>>  *.•  ||t  | 


3/2 

u  =  u  u 

t  XXX 


(4.3) 


Applying  the  method  developed  in  the  present  paper  shows  that  (4.1) 
is  transformed  into  either  the  MKdV  equation  (if  a  f  o)  or  the 
linear  equation  (if  a  =  0  and  £  /  0).  (Bruschi  and  Ragnisco 

[38]  showed  that  (4.3)  can  be  transformed  via  an  extended  hodograph 
transformation  to  the  linear  equation.) 

In  two  recent  papers,  Mikhailov  and  Shabat  [39]  have  determined 
necessary  conditions  for  the  existence  of  nontrivial  conservation 
laws  for  systems  of  equations  of  the  form 


A(u)uxx  +  f(u,ux) , 


(4.4) 


where 


A(u)  = 


a(u,v)  b(u,v) 
c ( u ,  v )  d(u,v) 


f(u,u  i 

—  —  — X 


f(u,v,ux,vx) 

g(u,v,ux,vx) 


(This  is  analogous  to  the  work  of  Svinolupov,  Sokolov  and  Yamilov  [14] 
who  also  used  the  existence  of  nontrivial  conservation  laws  as  the 
criterion  in  their  determination  of  which  third  order  semi  linear 
equations  are  1 inearizable.  )  In  order  to  determine  their  necessary 
conditions,  Mikhailov  and  Shabat  [39]  first  transformed  the  quasilinear 
equation  (4.4)  into  the  semilinear  canonical  form 
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Hi  =  '’^LV.r  +  HL'  ;  )  • 


(4.6) 


where 


6  /  ’  3 


1  0 
0  -1 


H(n.nf  )  ./h(ri-'’  •nt'eeM. 

\k(n  ,0  ,n^,0^)y 


This  transformation  was  achieved  by  first  transforming  (4.4)  into  the 


(4.6) 


yt  ■  2(y)o3yxx  *f(y.yx) 


(4.7) 


where 


F(U, V »U  , V  ) 


-  =  \V’  =U(u,v,ux,vx) 


(so  equations  (4.4)  and  (4.7)  are  equivalent),  and  then  applying  an 
extended  hodograph  transformation  to  (4.7). 

We  note  that  it  would  be  useful  to  extend  the  method  outlined  in 
earlier  sections  to  quasilinear  nonlinear  evolution  equations  in  two 
spatial  and  one  temporal  dimensions.  Due  to  the  presence  of  more  inde¬ 
pendent  variables,  there  is  more  flexibility  in  the  hodograph  trans¬ 
formation. 
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Finally,  we  make  a  remark  regarding  the  application  of  the  Painleve 
tests.  These  tests  have  proved  to  be  a  useful  criterion  for  the  indenti f ication 

of  linearizable  (semilinear)  partial  differential  equations;  however,  there 
is  one  major  restriction  in  their  application.  Since  the  Painleve  tests 
require  that  a  linearizable  partial  differential  equation  possesses  the 
Painleve  property  possibly  after  a  change  of  variables,  then  one  may  first 
have  to  make  a  change  of  variables  before  applying  the  tests.  An  open 
question  is:  Which  transformations  are  allowable  in  the  application  of 
the  Painleve  tests?  (i.e.,  which  transformations  does  one  have  to  check?). 

We  believe  that  by  using  pure  hodograph  transformations  and  the  notion 
of  equivalence,  the  answer  to  this  question  might  be  found. 


APPENDIX  A 


In  this  appendix  we  show  that  the  partial  differential  equation 

ut  =  v  *  h<u)v  <A 

where  h(u)  is  a  rational  function  of  u  can  pass  the  Painleve  tests  if 
and  only  if  h(u)  is  a  linear  function  of  u.  In  (A.l)  consider  the 
traveling  wave  solution  u(x,t)  =  u(z),  z  =  x-ct,  where  c  is  a  constant. 
Then  u(z)  satisfies 

u' '  +  h(u)u'  +  cu'  =  0.  (A 

Integrating  yields 

u'  +  H ( u )  +  cu  =  A,  (A 

dH 

where  ^  =  h(u)  and  A  is  a  constant.  It  is  known  that  the  only  equation 
of  the  form 

u’  =  R( u ) , 


where  R(u)  is  a  rational  function  of  u,  which  is  of  Painleve  type 
is  the  Riccati  equation 


where  -i  j  and  ng  are  constants  (see  Hi  lie  [40  ]  or  Ince  [41  ]  for  a 
proof).  Therefore  (A. 3)  is  of  Pa  ini  eve  type  i1  and  only  it  H(u)  is  a 

quadratic  function  of  u,  so  necessarily 

h  ( u )  =  •  i  u  ♦  ?.  ,  ( A .  4 ) 

where  a  and  Bare  constants.  If  h(u)  has  the  special  form  (A. 4),  then 

equation  (A.l)  is  either  (i)  equivalent  to  Burgers'  equation  if  a  M,  or  (ii) 
a  linear  equation  if  a  =  0.  Hence  (A.l)  can  pass  the  Painleve  tests 
if  and  only  if  h(u)  is  a  linear  function  of  u,  as  required. 

APPENDIX  B 

In  this  appendix  we  show  that  the  partial  differential  equation 

“t  s  Vx  *  *  "«>  *  5  (a  ■  I8-1’ 

where  a  is  a  constant,  can  pass  the  Painleve  tests  if  and  only  if  a  takes 
one  of  the  three  values  0,  3/2,  3.  We  first  note  that  if  a  =0  then 
(B.l)  is  the  MKdV  equation,  which  is  known  to  be  linearizable  [15]  and 
pass  the  Painleve  PDE  test  [22].  Now  we  shall  assume  that  a  f  0  and 
we  consider  the  time- l ndepenoent  solution  q(x,t)  =  y(x)  of  (B.l),  then 
y(x)  satisfies 


which  can  be  integrated  once,  yielding 


y'  ’  +  ^yy'  +  |(  a  -l  )y3  =  a. 


(f 


where  A  is  an  arbitrary  constant.  Now  make  the  transformation  y  =  3w/i 
giving 


w' '  +  3ww'  +  -l)a  2w3  =  B,  (I 

where  B  :  =  aA/3.  Ince  [43,  p332]  shows  that  the  equation 

w' 1  +  3ww'  +  y w3  =  B,  ( 

where  y  and  B(^  0)  are  constants,  is  of  Painleve  type  if  and  only  if 
Y  =  1  (the  case  B  =  0  is  discussed  below).  Hence  (B.4)  (and  hence  also 
(B.3))  is  of  Painleve  type  if  and  only  if 

^(  a  -  1 )  =  a  , 

i  .e.  , 

('*  *  3)(  a  -  \)  0.  ( 

If  t  =  3/2  or  'i  -  3  (after  rescaling  q  by  a  factor  of  2)  then  (B.l) 
is  the  second  equation  in  the  Burger's  hierarchy 


(Olver  [25]),  which  is  reduced  by  the  Cole-Hopf  transformation 


q  =  2 ( 1 n  u)x  =  2ux/u, 


to  the  linear  partial  differential  equation 


u.  =  u 
t  xxx 


If  B  =  0  in  (B.5),  then  there  exist  two  choices  of  y  such  that 
the  equation  is  of  Painleve  type,  y  =  1  or  y  =  -9.  If  y  =  -9,  then 


i  .e. , 


|(a  -  1)  =  -9a2, 


(a  +  1 ) (a  -  j)  =  0. 


(B.8) 


If  a  =  -1  or  a  =  1/2  (after  rescaling  q  by  a  factor  of  1/2),  then  (B.l) 


qt  =  <W  •  (<w*x  *  qx>  •  3qV 


If  we  seek  a  solution  of  (B.9)  in  the  form 


q( x ,  t )  =  :p  q  -  ( t )  :^(x,t) , 


(B.9) 


( B . 10) 


with  C’  -  x  +  f(t),  in  the  neighborhood  of  the  noncharac ter i s t ic  singularity 
manifold  defined  by  =  0,  then  leading  order  analysis  shows  that 
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p  =  -1  and  there  are  two  choices  for  q  q^  -  -1  and  q(.  =  2.  Equating 
coefficients  of  powers  of  :  determines  the  recursion  relations  defining 

q j ( t ) ,  for  j  >  1.  For  to  the  choice  qg  =  -1,  the  resonances  are  -1, 

3,  3  (the  resonances  are  the  values  of  j  at  which  arbitrary  functions 
arise  in  the  expansion  (8.10)  and  for  each  positive  resonance  there  is 
a  compatibility  condition  which  must  be  identically  satisfied).  A 
double  resonance  indicates  that  the  expansion  (B.10)  does  not  represent 
the  general  solution  (logarithmic  terms  must  be  introduced  into  the 
expansion  (8.10)  so  that  it  represents  the  general  solution).  For  the 
choice  qQ  =  2,  the  resonances  are  -1,  3,  6;  the  compatibility  condition 
corresponding  to  the  resonance  j  =  6  is  not  identically  satisfied  which 
indicates  that  logarithmic  terms  again  must  be  introduced  into  the 
expansion  (B.10).  Therefore  (B.9)  does  not  pass  the  Painleve  PDE  test. 

We  therefore  conclude  that  equation  (B.l)  can  pass  the  Painleve 
tests  if  and  only  if  a  takes  one  of  the  three  values  0,  3/2,  3,  as 
required. 


APPENDIX  C 


In  this  appendix  we  show  that  the  partial  differential  equation 


wt  =  wxxx  -  + 


(C.l) 


where  g(w)  is  a  rational  function,  can  pass  the  Painleve  tests  if  and 
only  if 


,  ,  3  -1 

g(w)  =  i w  +  r w  ♦  w  , 


(  C  .  2  ) 


where  a,  i-  and  >  are  constants.  First,  consider  the  time-independent 
solution  w(x,t)  -  y(x),  then  y  satisfies 


y" 1  =  |[(y')2/y]'  -  g(y)y\ 


( C.  3) 


where  '  :  =  d/dx.  Integrating  (C.3)  gives 


y"  =  |(y'  )2/y  -  G(y)  +  A, 


(C.4) 


where  =  g(y)  and  A  is  a  constant.  Multiplying  y  "V  and  integrating 


-3.., 


again  yields 


l-’V)2-  -  /V3G(,)d,  -  •  B, 


2* 


( C .  5) 


where  B  is  another  constant.  It  is  well  known  that  the  equation 


(y1)2  =  R(y)» 


(C.6) 


where  R(y)  is  a  rational  function,  is  of  Painleve  type  if  and  only  if 
R(y)  is  a  polynomial  of  degree  not  exceeding  4  (see  Hille  [40]  or  Ince  [41  ] 
for  a  proof).  Hence  equation  (C.5)  is  of  Painleve  type  if  and  only  if 


r 


G  (  v  )  d  v  -  ,.,y 


-  'J 


where  a^,  o^,  u^,  and  ,ig  are  constants.  Solving  (C.7)  for  g(y) 
yields 

9 (y )  =  -3a4y^  +  a2  "  •^CtOy  2'  (c.8) 

If  g(y)  has  the  special  form  (C.8),  then  equation  (C.l)  is  equation 
(1.18)  which  is  equivalent  to  the  CDF  equation  and  which  is  known  to  pass 
the  Painleve  PDE  test  [42].  Hence  we  have  the  required  result. 
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row 


The  field  of  exactly  integrable  systems,  once  largely  confined  to 
the  study  of  phenomena  in  two  dimensions  (or  equivalently,  1  space  +  1 
time  dimension)  has  recently  seen  exciting  progress  in  the  understanding 
of  problems  in  higher  numbers  of  dimensions.  The  classical  inverse  scat¬ 
tering  transform  (CIST)*  has  been  extended^  and  used  to  solve  exactly  a 
number  of  non-linear  evolution  equations  in  2+ld,  including  the  Kadomtsev- 
Petviashvili  (KP)  equation  and  the  Davey-Stuartson  (DS)  equation,  both  of 
which  admit  localized  lump-type  as  well  as  extended  string-type  soliton 
solutions.  Indeed,  more  recently,  recursion  operators  have  been  found  for 
a  general  class  of  equations,  including  KP  and  DS.  There  now  also  exists 
an  integrable  quantum  system  in  three  dimensions,  obtained  by  A.B.  Zamolodchikov 
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and  R.  Baxter  by  solving  the  tetrahedron  equations,  a  3d  analogue  of  the 
Yang-Baxter  equations.  The  Zamolodchikov-Baxter  solution  can  be  interpreted 
as  a  model  for  the  scattering  of  straight  strings  in  2+ld,  or  as  a  model  of 
interacting  random  surfaces  on  a  lattice  in  3d. 

Here  we  use  an  alternative  approach  to  search  for  new  quantum  integrable 
systems  in  higher  dimensions.  Instead  of  attempting  to  find  another  solution 
of  the  tetrahedron  equations,  we  exploit  our  knowledge  of  existing  classical 
systems  and  investigate  a  quantum  analogue  of  the  DS  system.  Davey-Stuartson 
is  an  obvious  choice  because  it  reduces  in  the  1+ld  limit  to  the  well-known 
nonlinear  Schrodinger  (NLS)  equation,  whose  quantum  version,  the  6-function 
Bose  gas  model**,  or  quantum  NLS  model^  is  one  of  the  best  understood  inte¬ 
grable  quantum  systems. 

In  this  letter  we  calculate  Poisson  bracket  relations  between  elements 
of  the  scattering  matrix  of  the  underlying  linear  problem  for  DS.  These 
relations  allow  one  to  identify  the  action-angle  variables  of  the  classical 
problem.  We  then  formal ly  repeat  the  calculation  by  replacing  the  conjugate 


variables  by  operators  and  Poisson  brackets  by  commutators  and  find  the 
commutation  relations  between  elements  of  the  scattering  matrix  of  the 
corresponding  quantum  problem.  We  thus  obtain  an  algebra  which  is  a  higher 
dimensional  analog  of  the  Yang-Baxter  algebra  (in  its  infinite  line  version.) 
As  is  the  case  in  1+1  dimensions^.  from  this  algebra  we  can  demonstrate 
that  the  Hamiltonian  associated  with  DS  is  a  member  of  an  infinite  set  of 
commuting  operators,  and  can  be  exactly  diagonalized. 


We  first  discuss  the  classical  case.  We  will  be  concerned  with  the 
hyperbolic  version  of  the  DS  equation,  a  non-linear  partial  differential 


equation  for  a  complex-valued  function  q  =  q(x,y,t), 

1  It  =  ‘  +  +  iAiq  ‘ 

ax  ay  1  6 


where  fe-^Ai  =  T(a7  +  ^Hqr), 


^ ax  +  ay^A2  “  2^ax  '  ay^rq)* 


♦ 

with  r  =  ±q  (q*  denoting  the  complex  conjugate  of  q). 

This  time  evolution  equation  for  q  can  be  generated  by  a  non-local 
Hamiltonian  (which  will  depend  on  the  choice  made  for  and  A^)  via  the 
Hamiltonian  formulation  of  classical  mechanics,  where  q  and  r  are  the 
conjugate  variables. 

As  is  the  case  for  all  nonlinear  PDE's  solvable  by  the  CIST,  (1)  appears 
as  the  compatibility  condition  for  two  underlying  linear  equations. 


Tx*  =  Ji**Q* 


5T*  ■  A*  *  <0  57**  'J  • 
-here  Q  •  (J  J)  ,  J  ■  (J  .?) 

ll  ?<«,  +  ’y’ 


A  = 


-l 


CT(rx'ry) 


and  B  *(x,y,t)  is  a  2x2  solution  matrix. 

The  first  of  these  equations,  (3a),  can  be  viewed  simply  as  a  linear 
scattering  problem  in  which  q  plays  the  role  of  the  potential.  (3a) 
for  suitable  choice  of  boundary  conditions,  can  be  rewritten  as  a  system 


<5 


.*«■  .'I'.V.'i'Ji'.'i’A'Jij! 


of  linear  integral  equations, 


ip .  .(f ,  <  .  a)  =  6  .  e 


2i  ( .  R+  a)J  .  ; .  r  r  . 

K  J  J  +  i  I  rtf'  Gl 


j  dr.'  6^  .  ){Q(  C'  )W-  U\  *,  0)^  . 


where  t1  «  (x+y)  and  C2  *  (x-y)  with  f.  denoting  the  coordinate  pair  Uj,  t2) 
>c  =  «cp  +  iicj  is  a  complex  parameter,  A  is  a  real  parameter,  the  indices  i,  j 
can  each  take  on  values  1  or  2  (where  we  use  the  notation  1  =  2  and  2  h  1,) 
and  all  integrations  are  over  infinite  space.  Also,  for  convenience  of 
notation  we  use  *«  t)  =  •k.jjU.  and  we  shall 

suppress  the  argument,  t. 

We  choose  the  Greens  function 
GijU’  k)  =  GiU’  *ij} 

2i(<,R-+i)J-C,  ,  x 

=  J  |£e  J  (e(t1+C2)  ©(-J/)  -  e(-t1-t2)  o(J-O) 

f  Ht  2i(io  .  +  £)!), 

-  tlr  \  r  ^  _  HA  nl 1  '  1 


r  Ht 

=  6(ti)  ©( C i )  -  j  2^  e(J1t)e 

2 

=  -«( ©( - Ci )  +  e(-JiOe 


“nh  ;ij  ■  «ij  *  ,;u-  ;u  ■  "i  * 


and 

GLU,  <)  is  obtained  by  taking  the  appropriate  limit  of  the  Greens  function 

O 

of  the  more  general  D-bar  problem. 

We  also  will  find  it  useful  to  define  a  solution,  c,  of  an  adjoint  linear 
problem, 

-2i(<J  .♦  x*  )J.  £.  tr  2 

<ik{<’  tky  *')  =  «ike  J  +  jj  l  ^£0* A’  >{3ck(c,)GkU'~f:*  ‘ 


(8)  t 
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Of  fundamental  interest  in  both  the  classical  and  the  quantum  problem  is 
the  "scattering  matrix"  or  the  "scattering  data"  of  (6),  which  we  define  to  be 

(  -2i(<Ri  +  A‘  )J  4 

Tij(K,  A,  A')  =  jj  d4e  ^  1  ( Q( 4 )  *(4,  x,  a))  . 

For  certain  choices  of  the  parameters  *,  a  and  a',  T  can  be  shown  to  have 
a  very  simple  time  dependence,  and  is  thus  used  in  the  CIST  to  "reconstruct" 
the  potential  q(x,y,t)  at  arbitrary  times,  for  appropriately  given  initial 
conditions. 

He  can  calculate  Poisson  bracket  relations  between  elements  of  T,  where 
we  define  canonical  Poisson  brackets 

t  £  n  \  —  *  Ac  <5  f  6  g  6  f 

’  9  ‘  ’JJ  dC  [fiqTU  fiiTcT  ‘  sfRT 

We  find,  by  use  of  the  linear  integral  equations,  (6)  and  (8),  that 
{W*’  A,  A1),  ty6(t,  u,  u')) 

1  II  d*  caa(t*  x>)  *SbU’  X)  Siu’  Ti6’  u>)  *a6(c’  T*  v) 

The  solution  i  and  its  adjoint  £  satisfy  i  -rj—  4^(4.  a  ) 


This  identity  can  be  used  to  rewrite  the  integrand  appearing  in  (n) 
as  f o 1  lows : 


lTatjU,  x,  X '  ) ,  Ty6(t,  M,  u  ) 


|  d£a  j  K  °<Ja<V{a'>>  WV  £S’  Ja6‘  *'>  £S'  *>  *> 


'  SaUa-  £i'  ’as'  *a6<ca'  £5'  ’•  u) 


2 

+  £  J 
a=l  ‘ 


d<a  <aa{<’  *aB*  x‘>*a6Uk  T*  v) 


Ji*5 


d^I  Si^1’  Ta6*  M  ^a6^'’  *’ 


Ja^  ■  • 


In  order  to  evaluate  (12)  it  is  necessary  to  find  asymptotic  expressions 
for  <;  and  c.  However,  these  can  be  found  easily  by  using  (6)  and  (8)  and 
noting  that  it  is  possible  to  write  G*-  in  the  two  alternative  forms  (7b)  or 
(7c).  Then 


lim  k,  x)  =  6.  -e 


2i(<R+X)Jkek 


di  -  2i(*ki+l)Jk*k 

H9<+V>e  kd  kkTkj(«,  ».  *) 


and 


)>»  £1k(t.;kj.  >•)■  «jk« 

£rJ* 


•sf'kV^Vk 


dt  -  -a(;"*i)Jkek 

2.  Tik^Kkj*  *•  *'  *  e*’Jkl*e 


( 13)  ;3 


( 14)  A 
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Inserting  (13)  and  (14)  into  (12),  we  arrive  at  an  expression  for 
a’  a')’  u’  u'  ))  Purely  in  terms  of  T's. 

Instead  of  writing  down  the  a  lengthy  expression,  which  contains  terms  up  to 
quartic  in  T,  we  instead  give  results  in  two  interesting  limiting  cases. 

First,  letting  A  =  A‘  =  g  =  y'=0  and  T(»c,  0,  0)  5  T^(<),  we  recover  the 
scattering  data  of  the  hyperbolic  limit  of  the  D-bar  problem,  and  making 
use  of  an  identity  easily  derived  from  (6),  find  Poisson  bracket  relations 

{*!!<•<).  T^(t)}  «  (T^U),  T^(t))  =  {T^(0,  T^(t)}  =  0  (15a) 


(T^(0,  T^(t)} 


(T, , (k) ,  Ti,(t)} 


(2n)  6(kr+tr-iCj-t  j )  fi(xj-Tj) 


- ~ -  +  2n  6(<r*^^  6(<i‘ti) 

■cr-t12-ic 


as  well  as  a  number  of  other  similar  relations. 

Alternatively,  we  can  take  the  limit  *1  +  +  “»  <r  +  00 » 

T(k,  a.  A')  T+(e,  0’),  where  0  =  kr  +  A,  ©'  =  kr  +  a‘  are  kept  finite. 

In  this  way,  we  recover  the  scattering  data  associated  with  a  solution  to 

+  -2ieJ  .  +  ie2J  t 

(3a),  uij(C,  e)  =  ^jU.eJe  J  J  analytic  in  the  upper-half 

0  plane,  which  is  used  in  the  Riemann-Hilbert  approach  to  CIST.  We  find 


<S>‘0,)’  Sy6  ♦'»  -  C(^0,)  S>*  ♦’> 


+  6 66  J8  ^'ifo^Tc'y  S^(^c.  01)  S^(0-o,  ♦’) 


6  ^6  I  2 it ifo-lc ’ 


S*6U,  0'  S46^9  ’  *'  +0^  • 


O  -  '  ^  ■/ 


'/  N'  •-*  V  %*  •/  V',- 


(15b) 


(15c) 


(16)  , 


,*•  V  N  ^  A  /<  .*•  *-  ,*•  .*» /■  /■  .*•  A  _N  , 

V  ■'Vyv*  .*  ■  ■  ./v'v'o  ■  ■  .  • .  • . 


where  we've  defined  S+,(G,  O')  =  2*  6 ( ft  -  ■)')&  *  J„  T+„(0,  O'). 

Ip  '  aP  e  aB 

Similarly,  the  limit  ♦  +“>  give  us  the  scattering  data  associated 

with  a  solution  analytic  in  the  lower-half  0  plane. 

The  calculation  of  commutation  relations  for  the  quantum  DS  problem 
is  formally  similar  to  the  Poisson  bracket  calculation,  with  Poisson 
brackets  {q(c),  r(c')}  =  iMCj-Cj)  6  ( ^  rePlaced  by  commutators 
tdU).  r(  C  )  ]  =  i  6  ( )  6(  *  e^c‘  Now  elements  of  the  solution 

matrix,  i/*,  and  of  the  scattering  matrix,  T,  are  treated  as  operators, 
and  care  must  be  taken  throughout  the  calculation  to  maintain  proper 
ordering.  For  the  quantum  problem  defined  by  the  ordering  appearing 
in  (1),  (2),  (3)  and  (6),  the  quantum  results  are  given  by  (15)  and  il(5) 
with  {  ,  }  replaced  by  [  ,  ].  Note  that  we  do  not  treat  the  normal 

ordered  problem. 

The  classical  results,  (15),  can  be  used  to  demonstrate  that  the 
coefficients  appearing  in  a  ( 1  / )  expansion  of  T^(k)  form  an  infinite 
set  of  constants  of  the  motion,  and  to  identify,  by  suitable  rescaling,  the 
canonical  action-angle  variables  of  the  problem.  The  corresponding  quantum 
results  show  that  T^(k)  generates  an  infinite  set  of  commuting  operators, 
including  as  a  member,  the  Hamiltonian  of  the  DS  system.  Furthermore,  these 
operators  can  be  exactly  diagonalized  by  normalized  eigenstates  formed  by 
n  T^k^)  acting  on  an  appropriate  reference  state.  This  quantum  theory 
appears  to  have  a  trivial  S-matrix,  consistent  with  the  fact  that  the  class¬ 
ical  lump-type  soliton  solutions  of  DS  experience  no  phase  shift  asymptotical 
when  they  interact. 

The  results,  (16)  for  the  Riemann-Hi lbert  formulation  of  the  problem, 
have  a  very  different  form,  and  do  not  immediately  allow  one  to  identify 
the  action-angle  variables.  Never-the-less ,  T+  and  T~  are  related  to  T 


r’yTrr’jT’jr' 


and  T  through  nonlinear  integral  equations.  In  the  classical  problem, 

Tjp  and  T^j  are  known  to  evolve  simply  in  time  to  have  angle  variable 
structure.  The  quantum  results  corresponding  to  (16)  reduce  to  the  well- 
known  Yang-Baxter  algebra  (in  its  infinite  line  version)  in  the  1+ld  limit 
iT(x,  y.  e)  -  u±(x,  0)  and  S±(e,  0‘ )  -  6(0  -  o')  S"  ( 0) . 
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Proponed  whemrt  for  (he  numerical  simulation  of  the  Modified 
Kortewcg-dc  Vries  (MKdV)  equation  are  implemented  and  compared  to 
other  known  numerical  methods.  These  schemes  are  constructed  by  methods 
related  to  the  inverse  scattering  transform  (1ST).  In  this  paper  a  summary  of 
their  performance  using  both  soUtoos  and  nonsolitou  initial  values  aa  they 
were  applied  to  the  MKdV  equation  will  be  presented.  Results  for 
Initial  values  are  quite  novel. 

'  1.  Introduction 

The  Modified  Korteweg-dc  Vries  (MKdV)  equation  describes  a  wide 
datt  of  physical  phenomena  (e.g,  acoustic  waves  in  certain  enharmonic 
lattices  (1)  and  Alfdn  waves  in  a  collisionless  plasma  [2]). 

In  (1984)  we  derived  nonlinear  partial  difference  equations  which  have  as 
limit ing  forms  the  Korteweg-dc  Vries  (KdV)  and  the  MKdV  equations  (3|. 
These  difference  equations  have  a  number  of  special  properties  [4]  and  are 
constructed  by  methods  related  to  the  inverse  scattering  transform  (1ST). 
We  have  also  implemented  similar  schemes  for  the  nonlinear  SchrOdinger 
(NLS)  equation  (Abknvitz-Ladik)  and  the  KdV  equation  and  compared  them 
with  known  numerical  schemes  (5,6|.  Experiments  have  shown  that  (he  1ST 
schemes  for  the  NLS  and  KdV  equations  compare  very  favorably  with  the 
other  known  numerical  methods.  Recently  we  have  implemented  and 
compared  the  proposed  schemes  which  were  developed  in  (3]  with  certain 
other  known  numerical  methods  for  the  MKdV  equation  (1.1a)  { 10). 


Z  The  Re 


i  of  the  MKdV  Equation  (Lll  Urine  Numerical  Methods 


Ui  ±  6 £1*14,  +  u„ 


(1-la.b) 


The  following  numerical  methods  were  applied  to  the  MKdV  equation: 
(i)  a  proposed  global  scheme,  (ii)  a  proposed  local  scheme,  (iii)  an  implicit 
scheme,  (iv)  a  split  step  Fourier  method  (Tappert),  and  (v)  a  pseudospectral 
method  (Fornberg  and  Whitham). 

Our  approach  for  comparison  was  to  (a)  fix  the  accuracy  (£»)  for 
computations  beginning  at  r  ■  0  and  ending  at  t  •  T\  (b)  leave  other 
parameters  free  (e.g.,  &I,  or  Ar),  and  compare  the  computing  time  required 
to  attain  such  accuracy  for  various  choices  of  the  parameters. 

In  the  above  equation  (1.1a)  one  and  two  soliton  solutions  with  various 
values  of  amplitudes  were  used  as  initial  conditions,  and  periodic  boundary 
conditions  were  imposed.  The  numerical  solution  is  compared  to  the  exact 
solution,  and  in  addition,  two  of  the  conserved  quantities  are  computed, 
namely  fu2dx,  an d/(u4  -  (ut)2)dx. 


(!)  The  propoaed  global  ichcme  which  it  baaed  oe  the  1ST  ia  (Taha  and 
Abiowitz,  (3)). 

A*/?*  -  /C»l  ^4)  '  Rn*»  Thvl  D-*]  +  /?«-1  5"*‘ 

-  rz:'  Pn  -  [/c.;1  ^  -  *«-»  *-*  d-4) 

♦  RZ.11  S.-7  -  RZ-i  ^-i]  +  R?  (D-0)  *,£/). 

-  RZ*'  rj.  C2-1) 
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1**00 
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't,,  =  n  km*'/c).  RZ. 

I  =  <30  N  ' 

n n  =  Ti'/c.".  =  ij/c/c.vc*'  -  A.-., 

a,  =  ±  -  h 

j  ■<» 
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£„  -  ±  (*:*:. rlc*‘  -  /c,,*r‘c). 

A[V  =  ♦  j«.D<J>  =  -  y/l!0)  •  yo. 

=  1^(0)  .  iaD(«)  =  i^f0)  ♦  i«, 


a  *  — — -  -■■ ,  A  {°^  =  arbitrary  constant, 

(Ax)3 

R  =  Ax  u,  and  )t|  <  p  (half  the  length  of  the  interval  of  interest,  and 
m  >  0  ).  This  scheme  is  implemented  with  the  value  of  -  y  a  ,  and 
using  the  sweeping/ileration  technique  presented  by  the  authors  (5,6]. 


(ii)  The 

Am  .  y  O  IS 


proposed 


local  scheme  which  is  derived  from  equation  (XI)  with 


Af 
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This  scheme  is  implemented  using  the  sweeping/iteraUon  technique, 
(iii)  An  implicit  scheme  (Kmskal,  1981)  J7J: 

u?"  •«:  _  u?.,*1  -k*1  ♦  3c:.1  -«c.v 

A f  *  2(Ar)3 

+  *  3a  :  '“".I 

2(Ar)3 


(2.2) 


2(Ax)3 

(trf  >f 
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This  scheme  is  also  implemented  using  the  swccpmg/itcratum  technique 
Several  values  of  9  arc  employed  and  experimentally  we  find  that  9  ■  — 
gives  the  best  results. 

(iv)  Split  step  Fourier  method  (Tappert  (8]) 

For  convenience  the  spatial  period  was  normalized  to  (0,2*],  then  Eq. 
(1.1)  becomes 

ut  ±  6  y“5“;r  +  Jfuxxx  =  0.  (2.4) 

where  p  is  half  the  length  of  the  interval  of  interest,  and  X  -  (x  +  p)  w/p_ 

In  order  to  apply  the  split  step  Fourier  method  far  Eq.  (X4)  we  (a) 
advance  the  solution  using  only  the  nonlinear  part 

u,  ±  6  —  u*li,  *  0.  (2A) 

This  can  be  approximated  by  using  an  implicit  method  such  as 

uVl  *  «r j  us (is):.v  -  8(us)r.r* 

-  («’):.v  ♦  («j,):;,,i  ♦  [%s):„ 

.  8(0:.,  -  (^3)r.,  +  (u3)?.,])  (2.6) 

where  aha  solution  of  Eq.  (X5);  (b)  advance  the  solution  according  to 

■» 

“r  +  ~J“XXX  -  0  (2.7) 

P 

by  means  of  the  discrete  Fourier  transform 

«(*,.'  +  A/)  -  f»(e'(4v/»V/r(u(^.>f)))t  (2.8) 

(V)  Pscudo&pectrai  Method  by  Fornbcrg  and  Whitham  (9). 

The  paeudospectral  method  for  Eq.  (X4)  is 

u(X,t  +  A f)  -  u{X,t  -  Af)  ♦  12/  -  Af  u\X,t)F  '(kF{u)) 

P 

_3l3 

-  2t£',{5m(  — ~  Af]F(tr)>  =  0.  (2.9) 

P 

Our  numerical  experiments  indicate  (for  the  range  of  amplitudes  we 
considered)  that 

(1)  The  proposed  global  scheme,  based  on  1ST,  proved  to  be  faster  than  all 
of  the  methods  we  considered.  It  is  worth  noting  that  this  proposed  global 
scheme  behaves  much  belter  than  the  olhr  utilized  schemes  either  when 
better  accuracy  is  required  or  for  large  amplitudes. 

(2)  The  pseudospectral  method  becomes  competitive  with  the  1ST  global 
scheme  when  both  high  accuracy  and  large  amplitudes  are  involved. 

(3)  The  implicit  scheme  behaves  belter  than  the  proposed  local  scheme  and 
the  pscudospcctral  method  for  low  amplitudes,  and  it  is  much  better  than  the 
split  step  (Tappert)  method. 

(4)  The  proposed  local  schemes  behaves  better  than  the  pseudospectral 
method  for  small  amplitudes  for  the  lsobtoo  case,  and  becomes  competitive 
with  (he  implicit  scheme  for  large  amplitudes. 


(S)  Tie  split  step  Fourier  method  behaves  much  slower  than  all  of  the 
methods  we  considered.  We  note  (hat  the  proposed  local  scheme  did  not 
perform  as  well  as  its  global  version.  We  intend  to  study  this  situation 
further. 

Very  recently  we  implemented  the  proposed  global  scheme  for  the 
MKdV  equation  (1  lb)  and  compared  it  to  the  p«c  udospcctr.il  method,  since 
our  earlier  experiments  indicate  that  the  pscudu'-pcctral  methtxl  is  the  most 
competitive  scheme  for  the  MKdV  equation  (1.1a).  In  Eq  (1.1b)  the 
following  initial  conditions  is  considered. 


U(x.  0) 


2 

(l+i1)1 


(2.10) 


Periodic  boundary  conditions  on  the  interval  (-20,20)  are  imposed.  Our 
approach  for  comparison  is  to  (a)  compute  two  of  the  conserved  quantities  at 
each  time  step,  namely  Ci  -  Ju7dx,  andc2  •  /(u4  ♦  (us)7)dx  for 
computations  beginning  at  t  -  0  and  coding  at  t  «  T;  (b)  leave  other 
parameters  free  (e  g.  At  or  Ax),  and  compare  the  computing  time  required  to 
attain  a  relative  error  in  the  conserved  quantities  c,  andc3  smaller  than 
some  tolerance.  From  the  experiments  we  conducted  we  have  found  that  (a) 
the  stability  condition  of  the  paeudospectral  method  applied  to  Eq.  (1.1b)  is 

A# 

more  restricted  than  for  Eq.  (1.1a):  - -  <  0.045,  compared  to 

A I 


(a*)* 


<  0.152.  Hence  At  must  be  taken  smaller,  (b)  the  proposed  global 


scheme  is  much  faster  than  (he  pscadospectral  method  to  attain  relative 


errors:  E.  - 


c,  -c, 


|  <  0.1%,  and  E,  - 


ej«. 


<  02%,  where 


ft  c* 

Ci  is  (be  exact  value  of  /u*dr  and  c[  is  the  calculated  one,  and  c,  is  the  exact 
value  of  /(u  4  +  (umf)di  and  cj  is  (he  calculated  ooc. 


3.  Conclusion 


The  proposed  schemes  which  arc  constructed  by  methods  related  to  the 
1ST  can  be  used  to  Find  numerical  solutions  of  nonlinear  evolution  equations 
with  initial  conditions  other  than  solilons.  It  is  worth  noting  that  this  work 
can  be  extended  to  cover  other  xtxxlled  soliton  equations. 
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Abstract 

In  recent  years  the  basic  structure  required  to  implement  the 
inverse  scattering  transform  in  1+1  and  2+1  dimensions  has  been 
clarified  and  extended.  Aspects  involved  with  fully  multidimensional 
problems  have  also  been  treated.  In  particular  the  inverse  scattering 
associated  with  various  multidimensional  operators  and  generalizations 
of  the  Sine-Gordon  and  self-dual  Yang-Mills  equations  have  been  studied 
A  review  of  some  of  this  work  will  be  discussed  in  this  review. 


-1- 


The  Inverse  Scattering  Transform  (I.S.T.)  is  a  method  to  solve 
certain  nonlinear  evolution  equations.  There  has  been  wide  ranging 
interest  in  this  method  for  many  reasons.  A  review  of  earlier  work  can 
be  found  in  [1].  A  surprisingly  large  number  of  physically  interesting 
nonlinear  equations  can  be  solved  via  1ST;  there  are  many  applications  in 
physics  including:  surface  waves,  internal  waves,  lattice  dynamics,  plasma 
physics,  nonlinear  optics,  particle  physics  and  relativity.  Mathematical ly 
speaking  the  field  is  also  quite  rich,  with  nontrivial  results  in  the 
areas  of  analysis,  group  theory,  algebra,  differential  and  algebraic 
geometry  being  used  by  various  researchers.  From  our  point  of  vies  1ST 
allows  us  to  solve  the  Cauchy  problem  for  these  nonlinear  systems.  We 
shall  concentrate  on  questions  in  infinite  space.  All  of  the  nonlinear 
equations  discussed  below  arise  as  the  compatibility  condition  of  certain 
linear  equations,  one  of  which  is  identified  as  a  scattering  (direct  and 
inverse  scattering  is  required)  problem  and  the  other(s)  serves  to  fix 
the  "time  evolution"  of  the  scattering  data. 

In  one  spatial  dimension  the  prototype  problem  is  the  (KdV) 
equation 

u,  +  6uu  +  u  =0.  (1) 

t  x  xxx 

The  KdV  equation  is  compatible  with 

vxx  ♦  u  (  x  ,  t )  V  =  XV  (2) 

vt  =  ( Y  +  u x ) v  -  (4x+2u)vx  (3) 

i.e.  vxxj.  =  v^xx  implies  (1).  Equation  (2)  is  the  time  independent 
Schrodinger  scattering  problem,  x  the  eigenvalue  (  >  =  const,  in  (3)).  The 
solution  of  (1)  on  the  line:  -<*><■  x<»  for  initial  values  u(x,t  =  0) 
vanishing  sufficiently  rapidly  at  infinity  is  obtained  by  studying  the 


j 


4 


associated  direct  and  inverse  scattering  problem  of  (2)  and  using  (3) 

to  fix  the  time  evolution  of  the  scattering  data.  It  turns  out  that 

the  inverse  problem  amounts  to  solving  a  matrix  Riemann-Hi 1 bert 

boundary  value  problem  (RHBVP)  whose  jump  discontinuity  depends 

2  “  i  k.  x 

explicitly  on  the  scattering  data.  Calling  *  =  -k  ,v(x,k)=u(x,k)e 
the  RHBVP  takes  the  following  form, 

(u+-pj(x,t,k)  =  p_(  x.t.f.(k))  V  ( x  ,  t ,  k )  on  1 

Pi"*  1 ,  1  k  |  — (4) 

where 

V(x,t,k)  =  r(k,t)  e2lkx,  a(k)  =  -k,  £=<k:kc«),  and  are  the 

limiting  boundary  values, as  Imk+Ot,  of  meromorphic  functions  in  the 
upper  (+)  lower  (-)  half  plane.  (4)  may  be  converted  into  a  linear 
integral  equation  by  taking  a  minus  projection  and  the  potential  is 


reconstructed  via 


u(x,t)  f  p(k.x.t.-k)  V(  x  ,  t ,  k  )dk 


where  the  contour  is  taken  above  all  poles  of  r(k.t);  of  which  there 
is  at  most  a  finite  number,  k^  -  ^  ^0  j  =  1.---N.  Ttie 

scattering  data;  the  reflection  coefficient,  r(k,t)  evolves  simply 


in  time 


2 

8ik£t 


r(k,t)  -  r(k.O)  e  (6) 

The  above  scheme  may  be  extended  so  as  to  solve  a  surprisingly 
large  number  of  interesting  nonlinear  evolution  equations.  There  are 
two  scattering  problems  of  particular  interest  in  one  dimension: 

(i)  Scalar  scattering  problems: 

iiv<  :  u(x)d  \ 

dx71  j  =  2  J  ^  s 

v  (  x  ,  k  )  ,  u  i  C 

(iij  fir',:  orO-'i  systems  -  generalized  Ak.NS 


0  v  -  i  k  J  v  +  q  v 
d  > 

v ( x  , k ) , q( x )  '  lN>\  J  -  diaq  (J1 


J  1  y  J  J  .  i  ^  J 


i  i  , 

<•  0- 


/.  A  .*  /.A  AAA  AAA  AAAA  *  AAA.AAA*  .  *  ^  c  c.»  »•  c  o  l*  .  Ai. 


Via  an  appropriate  transformation  the  inverse  problem  associated  with 
(i),  (ii)  can  be  expressed  as  a  matrix  RHBVP  of  the  form  (4).  The 


potentials  u-,q  can  be  shown  to  satisfy  nonlinear  evolution  equations 

J 


by  appending  to  (i)  and  (ii),  suitable  linear  time  evolution  equations. 
One  then  finds  that  the  scattering  data  V(x,t,k)  evolves  simply  in 
time.  Well  known  solvable  nonlinear  equations  include  the  Boussinesq, 
modified  KdV,  sine-Gordon,  nonlinear  Schrodinger,  and  three  wave  in¬ 
teraction  equations.  The  reader  may  wish  to  consult  for  example  [2a-e] 
for  a  detailed  discussion  of  some  of  this  material. 


It  is  most  significant  that  these  concepts  can  be  generalized  to 


2  spatial  plus  one  time  dimension.  Here  the  prototype  equation  is 
the  Kadomtsev-Petviashvi  1  i  (K-P)  equation: 


(u.  ♦  6 uu  *  u  )  =  -3 o  u 

t  x  xxx  x  yy 


(7) 


which  is  the  compa t i bi 1 i ty  equation  between  the  following  linear  prob¬ 
lems  : 

•*  u(x,y,t)v  =  0  (8) 

x 


ov  +  v 
y  xx 


v.  4v  *  6uv  ♦  3(u  -o 
t  xxx  x  x 


Uydx ' ) v  *  y  v  =  0 


(9) 


(y  =  const.).  We  shall  consider  the  question  of  solving  (7)  for 


7  7  7 

u(x,y,0)  decaying  sufficiently  rapidly  in  the  plane  r  =  x  ♦  y  - 


Physically  speaking,  both  cases  =  -1  ( KP I )  oc  -  +1  (KP11)  are  of 


interest.  Whereas  KP I  can  be  related  to  a  RHBVP  of  a  certain  type 


3 1 

(nonlocal;  see  ref.  )  KP I ]  turns  out  to  require  new  ideas.  Letting 


V  =  0 ( X  ,y  ,k)e 


ikx  *  k  y/o 


o  =  o  r  ♦  iOj.  '’p  /  0.  Then  there  exist  functions  bounded  for  all 

x,y  satisfying  ,  -  1  as  U  |  -  <*■.  However  such  a  function  turns  Out 

to  be  nowhere  analytic  in  k,  rather  it  depends  nontrivially  on  both 

the  real  and  lmagirmry  parts  of  k  ( k  =  k  ♦  ik.).  =  u( x ,y  ,  k  ,  k ,  ) . 

HI  Hi 

In  fact  u  satisfies  a  generalization  of  a  RHBVP  -  namely  a 
3  (D8AR)  problem  whern  u  satisfies. 


77  -  wlx.y.CQ.kj )  Vfx.y.kp.kj) 


(10) 


where  —  =  i(^r-  ♦  i  rr-)  and  V  has  the  structure 
~r  ok, 

dk  K  iB(x,y,kR,kj,Co) 


V ( x  *y i kp  i  k  j ) 


sgn(kQ)e 


2"|o, 


Kkp.kj) 


8(x,y ,kp,kj ,cQ)  =  (x  +  2y  -^(Cq  -  kR)  =  -2(x  +  2y  — )k( 


2o.  oj 

<0  =  "kR  "  o  *1*  kQ  =  kR  ,  — -kj 
R  R 


(in 


(10-11)  may  be  converted  into  a  linear  integral  equation  by  employing 
the  generalized  Cauchy  formula.  T(kR,kj )  is  viewed  as  the  "nonphysi¬ 
cal"  data,  (i.e.  inverse  scattering  data  or  inverse  data)  and  the 
potential  is  reconstructed  via 


u(x,y) 
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n  3  x 


u(x,y.CQ»kj)V(x,y,kp,kj)dkpdkj. 


(12) 


The  basic  ideas  used  in  order  to  derive  these  equations  is 
as  follows.  We  convert  the  equation  for  w  =  w(x,y,k): 


opy  +  %x  +  2lkux  "  u(x>y)‘J  =  0 


(13) 


into  an  integral  equation 

u(x,y,k)  =  1  +  G ( u ,  u ) 


(14) 


where 


G(f)  =  G*f  =  G( x-x ' ,y-y ' , k )  f ( x ' ,y ' )dx' dy' , 


(15) 


the  Green's  function  kernel  being  givenby  (k=kD+ikT): 

R  I 


,  1  U*+yy) 

G(x,y,kp,k. )  =  - p  - —  dCdy 

( 2-n )  {  i  -n-f  -2kr  ) 

=  sqn(y)  )df-e1Xf-  +  f.(f,  +  2k)y/,. 
2^’ 

•  o  ( -y^oU^uj  )dc 


(16) 


where  k„  =  kr,  = - k,  and  u  (x)  =  t  2x>0,  Ox-0 1 

OR  11 R 

The  a  derivative  of  the  Green's  function  is  especially  simple, 


y  k  k  )  =  S--n--k0^elB^X,y,kR,kl  ^ 
3RU,y’ kR,kI;  2tt  |aR | 

3/3^  =  +  1  fiq-i  and 

ki 

6(x.y ,kR,kj )  =  -2(x+2y^-)kQ. 


Taking  the  3  derivative  of  (14) 


^(x.y.kp.kj)  =  J  jqr(x-x'  ,y  -y‘  ,kR,kj  }u(x'  ,y‘  )u(x'  ,y'  ,kR,kj  )dx  'dy 
+  f  |g(x-x  '  ,y-y‘  ,kR,kj)u(x'  ,y‘  )^-(x'  ,y'  ,kR,kj  )dx'dy' 


and  using  (17)  shows  that 

3 u  sgn(kQ) 

^  -  T(kR,kj)  w( x,y,kR,kj ) 

where  T(kR,kj)  =  e"l6^x,y,kR’kI ^u(x,y )u(x,y,kR,kj )dxdy  and 
w(x,y,kR,kj)  satisfies: 

t  .  ,  i  iB(x,y,kn,kr )  +  G(x-x ' ,y-y ' ,kn,kT ) 

w(x,y,kR,kj)  =  e  R’  r  JJ  7  R  r 

u(x' ,y' )w(x' ,y' ,kR,kj )dx'dy' . 

Multiplying  (20)  by  e" ^ 6 ^ x ,y ’ kR’ kI ^  and  employing  the  followii 
symmetry  condition  on  the  Green's  function 

-it(xty,kn,kI)_,  ,  ,  , 

e  v  3  R  I ' G( x ,y , kR , k  j ) 


0(x,y,^Q,kj) 


where  C, 


— -kf,  yields 
R  1 


w(x  v  k  k  i  -  a^B(x,y1kp,k.) 

w\x,y ,xRtkj )  -  e  R  1  u(x,y,5n, k. 


whereupon  (10-11)  follow.  The  eigenfunction  u  is  recovered  with  the 
generalized  Cauchy  formula 

i  r  fTr  ^ x >y  ’  kp » k j) 

.(».y.kR,k,)  -i.l  jy - — - «4'dki  <23 

noting  that  using  (10-11),  (23)  becomes  a  linear  integral  equation 
for  u.  The  potential  u(x,y)  is  recovered  by  taking  k-«°  in  (13)  or 
(14)  and  (23). 

For  the  K-P  the  evolution  of  the  data  obeys  (t  =  4ik2  in  (9) 

=  (8ikQ)(6kk0  -  4k2  -  3k2)T  (24 

0 1  kj 

where  k„  =  kD  +  - ,  k  =  kD  +  ikT. 

U  K  O  p  K  1 

Special  cases  include  o  =  cR+ioj: 

(a)  KP  j  j  ;  o  =  -1:  oR  =  -l,Oj  =  0 

~  =  8i kR( 3k 2-kR)T  (25 

(b)  KPj  »  o  •  i .  Op-^0- ,  a  j  -  1>  kj  -  k  j / ® p 


|I.  -8)(k|,.kI)(k2,2kRi;i.4kf)T 


us  to  give  an  alternative  solution  for  KP^  via  3  and  not  via  a 


nonlocal  RH8VP. 

Similar  ideas  apply  to  higher  order  scalar  problems 
-.n 

J  =  2 


(in) 


3y 


3x 


”  “j1"1 


3°-J« 


3x 


n-J 


0 


where:  v,  u  ^  c  (  and  to  first  order  systems 


(iv) 


dV 


o  —  +  *  q( x  ,y )  v  =  0 

ay  ax 

.NxN  ...  ,  ,1  ,N, 


where:  v.qce  X  ,J=diag(J  . J  ),  J1  f  JJ  ,  '  t  J  with  q 


i  i 


(26 


These  formulae  allow  usin  principle  to  solve  the  Cauchy  problem 
for  K-P  and  in  particular  the  limit  (ii)  discussed  above  allows 


0. 


Interested  readers  may  consult  refernce  4a,  and  review  4b  for 
more  detai Is. 


The  notion  ol  ,i  extends  to  higher  dimensional  scattering  and  in¬ 
verse  scattering  problems.  However  as  we  shall  mention,  despite  the 
fact  that  the  inverse  scattering  problem  is  essentially  tractable 
there  does  not  appear  to  be  any  local  nonlnear  evolution  equations  in 
dimensions  greater  than  2+1  associated  with  multidimensional  gener¬ 
al  Nations  of  { i  i  i )  or  ( i  v) . 

Our  prototype  scattering  problem  will  be 

o  v^  +  Av  +  u(x,y)v  =  0 


n 

A  =  I 


£*1  3x 


x  e  R  ,  y  e  R 


Letting 


»  ■  n(x,y,k)e’*c*x  *  k  *>° 

k  *  kR  +  *kI  •  kcC 

k-x  .  I  kjXj.  o  .  oR  X  io,. 

Then  there  exist  functions  u  bounded  for  all  x,  y  satisfying  u-1,  as 

I kj  |-+  ®.  j  =  l,...,n.  When  oR  f  0  u  turns  out  to  be  nonanalytic  in 

each  of  the  variables  k,  i.e.  v  =  u(x,y,kR  ,...kR  ,  kj  ,...,kj  )  and 

K1  n  *1  n 

satisfies  a  3  problem  linear  in  u,  in  each  of  the  variables  k.; 

J 

i.e.  we  shall  show  that  u  satisfies  an  equation  of  the  form, 


fr  ■ 

J 


j  =  1 . n 


where  Tj  is  an  appropriate  linear  integral  operator. 

The  basic  idea  in  order  to  derive  (28)  follows  a  similar 
format  to  the  two  dimensional  case  described  earlier.  From  the 
definition  of  u(x,y,k)  below  (27)  we  see  that  it  satisfies 


0Uy  +  Au  +  2  i  k -  V u  -  u ( x , y ) 


We  convert  to  an  integral  equation 

=  1  +  G  ( u  u ) 

where  the  Green's  function  kernel  is  given  by 


x ,y i kR  *  ^  j ) 


(2»)n+1  i 


i (x-c+yn) 

- j - dcdy 

ioy-C  -2k - c 


=  s9n(y)  _L 


(2tt  ) 


n  J 


P  0 1  ^  T 

•  0  {-yaRU C+2  (  kR+  - — —  )fC)d«. 

R 


Taking  the  3  derivative  of  (30) 


Ah_  9G  (uu) 

3R.  =  3R 

J 


+  G  (u  j^--) , 


and  using 


where 


aR . (x»y»kR*ki )  =  -  (2l)n  hRl}el6(x,y,kR,kI^) 


(Cj-kRj.)6(D(0)dC 


k  j 

6(x ,y , kR , k j C)  =  (x  +  2y  . ( 5- kR) 

R 

0  ]  0  °  \  ? 
eU)  =  U  *  -4. )d  -  (kR  +  -ik.)2 

Or  1  R  0R  1 


shows  that 
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LUUUXI 


where 


T(kR,k,,o  =  re-^<*.y.kft-ki^ 


R’  I  u(x,y)  u'x,y,kD,k  t)dxdy  (37) 


and  w  satisfies 


■  ■  a  i 6 ( x ,y , kR , k , £ )  ~.  . 

;,y,kp,kj,Q  =  e  K  i  +  G(uw). 


Multiplying  (37)  by  e’1B  and  using  the  symmetry  condition 


yields 


~ i 8 ( x ,y , kp , k . , £ )  .  .  . 

e  R  1  G(x,y,kR,kI)  =  G(x,y,e,kj) 

w(x,y,kD,kT,0  =  e'i6(x,y’kR’krC)u(x,y,e,  k.) 


and  hence  (36)  gives 

,  t  (w)  =  -  -1—  1  T(kR,k  0(Crk  ) 

3Kj  j  (2n)n  |or|  K  1  J  KJ 

■  6(pU))  elB(  x’y,kR’kI*c)u(x,y,C,kI)dc.  (41 

We  see  that  T.  is  an  integral  operator  which  depends  on  a 
3 

scalar  scattering  function  T  =  T(kR,kj  ,c)c  being  effectively 
(n-1)  integration  parameters  (due  to  the  delta  function  in  (41) 
in  the  nonlocal  operator  T.). 

J 

One  can  use  a  generalized  Cauchy  formula  such  as  (23) 
in  order  to  obtain  a  linear  integral  equation  to  reconstruct  u. 
However  due  to  the  redundancy  of  the  data  discussed  below,  we  find 
that  an  alternative  method  is  more  useful.  The  inverse  problem  is 
redundant,  i.e.  we  are  given  T(kR,kj,c)  (3n-l  parameters)  and  we 
must  reconstruct  a  local  potential  u(x,y)  (n+1  parameters).  A 
serious  issue  is  how  to  characterize  admissible  inverse  data  T, 
i.e.  data  that  really  arises  from  a  local  potential  (small  generic 
changes  in  T(kR,kj,s)  cannot  be  expected  to  arise  from  a  local 
potential  u(x,y)).  Insight  into  this  question  is  obtained  by 
noting  that  T  must  satisfy  a  nonlinear  constraint,  one  which  is 
obtained  by  requiring  3^u/3k.9kj  =  3  u/3^j3t.  (i  f  j).  the  form 


•53 


J? 

I 


of  this  constraint  is  given  by 


X’ijO)  ■  «U[T] 


where  ^ •  is  a  linear  operator  and  a  nonlinear  (quadratic) 
^  J  » 

nonlocal  operator.  These  operators  are  given  by 

=  (Cj'kjR)(if:  +  i  3T}  '  (VkiR)(iT  +  2  dT] 


N'ij(T)  =  [UrkjR)Ur^}  -  (vkiR)Urej)] 


-6(P(C‘ )  T  ( kR , k j  ,0  KcMcj.CJdC’. 

There  is,  in  fact,  an  explicit  transformation  of  variables 
(kR,krC)  -  (x,w0,w)  c  tn_1xixln 
which  simplifies  (42).  Namely, 

.  r  ¥  !L  °IW0W1 

kRl  _  j=2  wj  XRj  2  ‘  2 


kRj  =  "wlXRj  "  2 


w.  CTWAW. 

-  /  -  1  (j*2) 

C 


"  °RW0W1 

kil  =  j  =  2  wjXIj  +  "77~ 


0  w  w . 

ki j  =  ~W1XI j  +  ’  (j  *2) 


,  ;  +!i  ciVi 

"  j=2  WjXRj  2*2  ’ 


w.  , wnw . 

Wrj 


transforms  (42)  into: 


—  =  N..(T)(x,w n,w)  .  j=2, — n 

3XJ  J 


■  46 ; 


using  the  generalized  Cauchy  formula  (23)  we  have 


J  j  (  X  >Wq  )  *  f  (  X  *  ^  *  ^0  )  "  TT 


Nij(T)(;,w,w0) 


II 


X  -  X 


d*Rd*I 


=  u(w,wQ) 


(47) 


where 


■  <V3. 


u(Wq,h) 


e-i(yw0*x.w)u(Xiy)dxdy 


(48) 


We  have  used  the  fact  that  when  wQ  =  2kj-U-kR)/oR  and  w  =  £-kR 
are  kept  fixed,  T(x»w,Wq)  -*■  u(w,Wq)  (The  Fourier  Transform  of  u(x,y)) 
for  large  x.(w,^0);  this  is  the  analogue  of  the  Born  approximation. 

J  * 

We  expect  that  for  suitably  "small"  u  (i.e.  no  homogeneous 
solutions  to  the  relevant  integral  quations)  if  I  is  independent 
of  x.j  and  decays  sufficiently  fast  for  |w| ,  |wg|  -*•<*,  then 
T(kR,kj,£)  is  admissable.  Moreover  (47)  gives  a  formula  to 

reconstruct  the  potential  by  quadratures.  Limits  to  case 
o  =  i  and  reductions  to  stationary  potentials  u(x,y)  =  u(x) 
can  be  carried  out.  Details  can  be  found  in  Ref.  [5a, b].  It 
should  also  be  noted  that  in  recent  work  Nachman  and  Lavine  [5c] 
have  extended  theaw  ideas  to  situations  where  there  are 
homogeneous  solutions  to  the  relevant  integral  equations. 

(42)  also  suggests  why  simple  local 


nonlinear  evolution  equations  have  not  been  associated  with  equation 
(27).  Namely  in  theprevious  lower  dimensional  (2+1  and  1+1)  problems 
the  time  evolution  of  the  scattering  data  obeyed  a  particularly  simple 
equation,  (e.g.  —  -  „i(kR,kj)T).  However  in  this  case  such  a  simple  flov 

will  not  be  maintained  -  due  to  the  nonlinear  constraint  (42). 

These  ideas  can  be  generalized  to  first  order  systems: 

<v)  ■  qv 
v,  qr  «N*N,  =  diag(jj  , . . . ,J*) 

t  J  •.  Ul. 

with  many  similar  results  obtained  6a,b,c;  though  there  are  some 
important  differences  as  well:  see  ref.  [6c].  Again  the  scattering 
data  satisfies  a  nonlinear  constraint.  In  general,  there  is  no 
compatible  local  nonlinear  evolution  equation  associated  with  (v). 
However  when  certain  restrictions  are  put  on  J.  then  the  constraint 

J 

equation  becomes  linear  and  the  so-called  N  wave  interaction  equations 
are  compatible  with  the  system  (v).  Nachman  and  Ablowitz  [6a] 
showed  that  at  most,  the  system  would  be  3+1  dimensional,  and  Fokas[6b] 
showed  that  indeed  the  system  is  reducible  to  2+1  dimensions  by  a 
transformation  of  independent  variables  (characteristic  variables). 

In  [6c]  Fokas  studies  the  inverse  scattering  of  (v).  For  o  =  i  he 
finds  an  equation  similar  to  (42).  However  its  integrated 
form  shows  that  in  order  for  the  potential  to  be  reconstructed 
one  must  solve  a  reduced  system  of  equations  of  the  form  (v): 
i.e.  for  N  =  2.  This  is  in  contrast  to  the  scala*  problem  where 
reconstruction  is  via  quadratures. 

Beals  and  Coifman  haven  an  alternative  but  similar  formula¬ 
tion  [7a, b]  for  multidimensional  scalar  problems. 

There  is  an  n-dimens iona 1  problem  which  also  fits  within 
the  framework  of  1ST:  The  so-called  generalized  wave  and  generalized 
sine-Gordon  equation  (GWE  and  GSGE).  These  equations  arise  in  the 
context  of  differential  geometry  and  serve  to  extend  the  classical  re¬ 
sults  of  Backlund  for  the  sine-Gordon  equation  to  n-dimensions  [8]. 

The  n-dimensiona 1  Backlund  transformation  is  given  by: 


> 

I 

i 


v* 


where 


d*  4  xA  X  =  A  -  XB, 


(49 


dX 


——  Ox 
,  ‘-1*  J 
J  =  1  J 


AU  ■  6i(j)aoa»j' 


1  lj  1 

Bij  =  ^7  3x.  dxj  "  aST^V  'i'-Ji"-  (50) 

and  a  =  ia..)  c  Rnxn.  Equations  (49-50)  reduce  to  the  Backlund  trans 
formation  for  the  generalized  sine-Gordon  equation  (GSGE)  when 

B^z)  «  (z2  ♦  (26n  -  l))/2z,  (51) 

and  for  the  generalized  wave  equation  (GWE)  when 

8,(2)  «  -{ 1-z2)/2z  5  A(z).  (52) 

The  compatibility  condition  required  for  the  existence  of  solu¬ 
tions  to  these  Backlund  transformations  results  in  a  system  of  second- 


order  partial  differential  equations  for  an  orthogonal  n  x  n  matrix 
a  =  {a ^ j }  in  (49)  which  is  a  function  of  n  independent  variables 
a  =  a(x j ,x^ , . . . ,x  ) .  The  equation  has  the  form 


fiX  - 


1  ?ali  *lj 

l  —~r  k ^  =  i  a,  a.  ,  i  j, 

k  >  >.j  >\k  J,k  -k  "  'j 


d 

3  x, 


i_  °aii 
a ,  ax  . 

lj  J. 


1  3ali  ?aH 


a , .  a ,  .  8x ,  i'X  . 
Ik  lj  k  j 


1  ,  j  ,  k  distinct , 


•id  ,  8a  ■  8a ,  i 

. j*  =  .jjl _ li 

•x  a,  ax 

k  111 


1  x  t 


(S3) 


where  >  :  1  tor  the  GSGE  and  t  -  0  (or  the  G'*! 


W  V.V.VA.V, 


We  observe  that  when  n  -  ?  and 
matrix  a  r  ia^l  given  by 


(GSGE),  the  orthogonal 


CDS  '.,  u 

i 


csin  ^  u 


s  i  n  ^  u 


cos  2  u 


for  the  function  u  =  u{x,t)  reduces  the  GSGE  to  the  classical  sine- 
Gordon  equation  (*c  =  -1), 

utt  "  uxx  '  ,csin  u  =  0-  (55) 

On  the  other  hand  when  n  =  2  and  *  =  0,  then  with  (54  )  the  GWE  reduces 
to  the  wave  equation  (55).  When  n  >  3  the  generalization  of  the 
wave  equations  discussed  here  is  nonlinear. 

The  BScklund  transformations  (49)  described  above  are  In  fact 
matrix  Riccati  equations.  Linearizations  of  such  a  system  can  be 
performed  in  a  striaghtforward  manner.  Introducing  the  trans¬ 
formation 

x  =  UV'1,  (56) 

where  U,  V  and  n  x  n  matrix  functions  of  x^,..,xn,  the  following  linear 

system  is  deduced: 


with  the  components  of  A,  0  given  by  (50).  Compatibility  ensures 
the  orthogonal  matrix  a  -  ia-^’i  satisfies  the  GSGE  with  (51)  and 
with  (52).  Alternatively,  if  we  call 


the  following  linear  system  of  2n  o.d.e.'s  are  obtained: 


r— f  =  A  A  .  '0  4  C  •<' 
axj  J  J 


>  V  V  v  ' J  *  '  V  ’  '  *.1  v  ,  •»  _>  a  ^  t>  ,N  ,>  .*»  .v;\  ,%  .%  A  A  ,*• 


bpwp.w  vwn&iramF  v 
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where  A.,  C  art1  2 n  x  2n  matrices  with  the  block  structure 

J  J 


(60) 


Here  a  . ,  Yj  are  n  x  n  matrices  having  the  following  structure: 


a'j  =  <r  -  ‘>Vj  *  V 


(61) 


a  .  =  ae 
J  J 


where  e.  =  (e  }  .  is  the  unit  matrix 
j  j  ik  ( 


1  «j »  «  • « 


i  =  k  =  j. 


(62) 


otherwise. 


and  in  component  form  Yj  takes  the  form 


(Vi).,  ■ 


j-2ut 


9di 


VM  '•  “M'au  3«k  ”Ij  ‘  (I‘V^  tof  V(63) 

In  (61)  a  is  the  orthogonal  matrix  Fn  -*  S0(n)  associated  with  the  GWE 


when  6  =  X  and  with  the  GSGE  when  6  =  i(z  ♦  1/z),  X-  i(z  -  1/z),  and 

2  t  1 


Yj  is  the  matrix  (  63)> :  F  -  M  ( F) ,  Yj  *  Y  j  =  0.  Equations  (53)  arise 
«J  ^  ^  J  J 


as  the  compatibility  condition  associated  with  (58).  More  explicitly, 
for  the  GWE  the  scattering  problem  takes  the  form  O  =  4-(x,x)] 

(64) 


-  =  A  A  .  ip  ♦  C  -  ip 
J  J 


wi  th 


(65) 


and  C„.  given  by  (60,63). 

vJ 

for  the  GSGE  the  scattering  problem  for  c  =  (.'■  ( x  ,  z )  takes  the 

form 


A  (  7  ) 


"-'i’V 


.  a  .  ( I  -  e . ) 


T  1 


0 


V' 


(66) 


M 


u 


‘‘(z),  A(z),  given  above,  or  equivalently 

s’j -  >  V '  i  V  '  V- 


J  J  .  u  =  diag(  +  l ,  -1 . (68) 


In  [8]  it  is  shown  how  these  linear  problems  may  be  viewed  as  a  direct 
and  inverse  scattering  problem  for  the  GWE  and  GSGE.  Namely  the 
direct  and  inverse  problem  may  be  solved  for  matrix  potentials,  de¬ 
pending  on  the  orthogonal  matrix  a,  tending  to  the  identity  sufficient¬ 
ly  fast  in  certain  "generic"  directions.  It  should  be  noted  that 
solving  the  n-dimensional  GWE  and  GSGE  reduces  to  the  study  of  the 
scattering  and  inverse  scattering  associated  with  a  coupled  system  of 
n  one-dimensional  o.d.e.'s.  This  is  in  marked  contrast  to  other 
attempts  described  earlier  to  isolate  solvable  (local)  multidimensional 
nonlinear  evolution  equation  which  are  compatibility  conditions  of  two 
Lax-type  operators,  e.g., 

L  0/  =  A  ip  (69) 

*t  =  (70) 

where  L  is  a  partial  differential  operator  with  the  variable  t  enter¬ 
ing  only  parametrica  1  ly .  Although  as  we  have  seen  nonlinear  evolution 
equations  in  three  independent  variables  can  be  associated  with  such 
Lax  pairs  (e.g.  the  K-P,  Davey-Stewartson,  three  wave  interaction 
equations,  etc.)  little  progress  via  this  route  has  been  made  in 
more  than  three  dimensions.  As  discussed  earlier  one  has  to  overcome  a 
serious  constraint  inherent  in  the  scattering/inverse  scattering 
theory  for  higher  dimensional  partial  differential  operators  in 
order  to  be  able  to  isolate  associated  solvable  nonl  inear  equations, 
i.e.  the  scattering  data  generally  satisfies  a  nonlinear  equation 
(eq.  (42)).  The  analysis  associated  with  the  GWE  and  GSGE  avoids 
these  difficulties  since  the  GWE  and  GSGE  problems  are  simply  a 
compatible  set  of  nonlinear  one-dimensional  o.d.e.'s. 


.-.s  v\-v:  w -v ..-v 


The  results  in  ref.  [8]  demonstrate  that  the  initial  value  problem 
is  posed  with  given  data  along  lines  and  not  on  (n-1)  dimensional 
mani folds. 

Similar  ideas  apply  to  certain  n-dimens iona 1  extensions 
of  the  so-called  anti-self-dual  Yang-Mills  equations  (SDYM) 

[9].  In  two  complex  variables  the  self-dual  Yang  Mills  equations 
take  the  form  (see  [10]) 


_JL  (ir1  M_)  +  JL_  (a-1  —)  =  o, 

3x.  3x,  3x0  3x„ 


where  ft  is  a  positive  matrix  valued  function  of 

Alternatively  SDYM  takes  the  form 

3A.  3A„ 

— ^  =  0 


where 


3xi 


3A  3A? 

- A - £  +  [A.  ,A,]  =  0, 

axj  L  r  2 J 


■-  ■  --  % 


The  SDYM  may  be  obtained  via  the  compatibility  condition 
of  the  following  linear  system 

3m  3m 

— r -  Z  — r=-  =  A,  m 


—5 —  +  z  — =  A„m 
dx2  3x !  2 

multidimensional  extensions  may  be  obtained, 
consider  the  linear  system 


For  example, 


D^m(x.z)  =  Aj  ( x  )m(  x  ,z ),  j  =  l,”-n 


=  — —  +  zs  . 
z  3  x  J  3  x  .  . 

J  J  +  1 


xn+l  5  *1  ■  Sj  =  (-1)J. 


sw 


Wi 


Compatibility  (commutati vi ty )  implies: 


d’a.  -  DJA.  +  [A., A.]  =  0 
z  j  z  l  L  1  j J 


3A.  3A. 

i  .1 


^ - rJ-  +  [A  .  ,A  .  ]  =  0 

3x .  3x  .  L  l  J 

J  i 


s  .  - — - s.  - =  0. 

J  »xju  ,SV1 


A  potential  may  be  introduced  as  before: 


A  .  =  if1  |S- 

J  S*j 


to  obtain 


si  (srl  ’  si  (Q_1  If)  =  0 

J  9xj+1  9xi  1  3Xi+1  dx. 


Clearly  when  n=2  this  system  reduces  to  the  classical 
SOYM  equation. 

Solutions  to  these  equations  may  be  constructed  via 
the  3  method.  Define 


=  L'J  +  zL:j 


_i_  LJ 

3x  .  ’  L2 
J 


We  shall  show  that  the  l  integral  equation 


m(«,z)  =  .  .  J-  mg&il  «.« 


©SSWWPW J 


satisfies  (76).  Operating  on  (H 4)  with  ynOds, 


f  (L^m)V  ♦  m(L-jv) 

'  57T  j  - — - dt-dt  4 


where 


2tt  i 


zL^(mV) 


;-z 


d;  -  d4 


1 

2*i 


L^(mV)d;4d; 


+ 


2u  i 


;L^(mV) 


C-z 


d;-dc. 


Putting  (85),  (86)  together  gives 


D^m  =  A .  +  1 


J  2n  i  J 


(D^m)V  +  m(D jv) 


where 


V*>  - 


-  27?  I  l-^mVJdc-dc  ■  - 


2<f  Sj  Sxj4l 


We  shall  require  V(x,z)  to  satisfy 


DJ  V  =  0 
z 


dc*d; 


(mV)dt'dc 


in  which  case  using  (84)  in  (87)  by  writing 
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we  find 


i  if  (( Dj.ni)  -  A  .  ( x  )m)  V 

(D“ni  -  Ajin)  =  2~T  j  — 1 - ;r~r - d<,-d,' 


For  V  suitably  chosen  (84)  has  a  unique  solution  in  which  case 


DJm  -  A .m  =  0  ■ 
z  j 


Thus  A.  =  A.  and  solutions  of  the  extended  SDYM  are  obtained. 

*J  J 


The  condition  (89)  is  satisfied  if  we  take  V(x,z)  =  V(u(x),z), 

with  u.(x)  =  zx .  +  S...X..,  and  V  holomorohic  in  the  u-.  Then 
J  J  J+*  J  +  t  J 

Dzv  ■  <£  *  »<« . v*> 

d  j  +  1 


by  virtue  of  s  .  =  (~)J.  In  ref.  [9]  other  examples  of 
J 

multidimensional  extensions  of  SDYM  and  a  rigorous  derivation 
of  the  foregoing  is  given. 
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ABSTRACT 

A  review  of  recent  results  associated  with  exactly  solvable 
multidimensional  nonlinear  systems  and  related  questions  of  direct 
and  inverse  scattering  is  given. 


si 


In  this  lecture  .i  review  o<  some  recent  results  associated  with 
exactly  solvable  mu  1 1  i  d  linens  Kina  1  nonlinear  systems  will  lit1  <jiven. 

The  motivation  tor  much  of  ttiis  work  has  come  via  what  is  connionly 
referred  to  as  the  Inverse  Scattering  Transform  (I.S.T.;  as  a 
reference  see,  for  example,  ^).  1ST  is  a  method  to  solve  certain 
nonlinear  equations  by  associating  them  with  appropriate  compatible 
I i near  equations,  one  of  which  is  identified  as  a  scattering  problem 
and  the  others(s)  serves  to  fix  the  "time  evolution"  of  the  scattering 
data . 

In  one  spatial  dimension  the  prototype  problem  is  the  (KdV) 
equation 

ut  +  6uux  +  uxxx  =  °-  (1) 

The  KdV  equation  is  compatible  with 

v  +u(x,t)v=Xv  (2) 

XX 

vt  =  (t+ux)v  *  (4a+2u)vx  (3) 

i.e.  vxxt  =  vtxx  implies  (1).  Equation  (2)  is  the  SchrOdinger 

scattering  problem,  x  the  eigenvalue  (  y=  const,  in  (3)).  The 
solution  of  (1)  on  the  line:  -<»<x<®for  initial  values  u(x,t=0) 
vanishing  sufficiently  rapidly  at  infinity  is  obtained  by  studying  the 
associated  direct  and  inverse  scattering  problem  of  (2)  and  using  (3) 
to  fix  the  time  evolution  of  the  scattering  data.  It  turns  out  that 
the  inverse  problem  amounts  to  solving  a  matrix  Riemann-Hi 1 bert 
boundary  value  problem  (RHBVP)  whose  jump  discontinuity  depends 
explicitly  on  the  scattering  data.  Calling  x=-k  ,v(x,k)=u(x,k)e 
the  RHBVP  takes  the  following  form, 

(u+- ii_)(x,t,k)  =  u_{  x,t k) )  V ( x  , t ,  k  )  on  L 

m-1,  |k|-~  (4) 

where 

V( x , t , k )  -  r(k,t)  e2lkx,  a(k)  =  -k,  T={k:ktl},  and  u.  are  the 

limiting  boundary  values  as  ImktOi  of  meromorphic  functions  in  the 
upper  (  +  )  lower  (-)  half  plane.  (4)  may  be  converted  into  a  linear 
integral  equation  by  taking  a  minus  projection  and  the  potential  is 


rerons  t  rue  t  <-<1  vi.i 


u(x.t)  -  -  r’-  /  i.(»  .*.t.-k  )  V(>,tJ  )dk  (i) 

"  •’*  C 

where  the  contour  is  taken  above  all  poles  of  r(k,t);  of  which  there 
is  at  most  a  finite  number,  =  n- ^ ,  ^>0  j  =  1, — N.  The 

scattering  daia:  the  reflection  coefficient,  r(k,t)  evolves  simply 
in  time 

r(i.t)  =  r(k.O)  e8U  C  (G) 

The  above  scheme  may  be  extended  so  as  to  solve  a  surprisingly 
large  number  of  interesting  nonlinear  evolution  equations.  There  are 
two  scattering  problems  of  particular  interest  in  one  dimension: 

(i)  Scalar  scattering  problems: 


fA  +  u  (x)  dn'Jv 

TTi  ~  J 

dx  j-2  dx 


xv , 


v(x  ,k  ) ,  Uj  *  f 

(ii)  First  order  systems  -  generalised  AKNS 

—  -  i  k  J  v  ♦  q  v 
dx 

v(  x  ,  k ) ,  q(  x )  £  tNxN,  J  --  d  lag  (J1,---Jn) 

J1 1 JJ  ,  if J 


Via  an  appropriate  transformation  the  inverse  problem  associate  with 
(i),  (ii)  can  be  expressed  as  a  matrix  RHBVP  of  the  form  (4).  The 
potentials  u^.q  can  be  shown  to  satisfy  nonlinear  evlution  equations 
by  appending  to  (i),  ( 1 1 )  suitable  linear  time  evolution  equations. 

One  then  finds  that  the  scattering  data  V(x,t,k)  evolves  simply  in 
time.  Well  known  solvable  nonlinear  equations  include  the  Boussmesq, 

modified  KdV,  sine-Gordon,  nonlinear  Schrodinger,  and  three  wave  in- 

?  a  -  e  1 

teraction  equations.  The  reader  may  wish  to  consult  for  example 
for  a  detailed  discussion  of  some  of  this  material. 

It  is  most  significant  that  these  concepts  can  be  generalized  to 
2  spatial  plus  one  time  dimension.  Here  the  prototype  euqat’on  is 
the  Kadomtsev-Petv i ashv  1 1  i  (K-P)  equation: 


which  is  the  compatibility  equation  between  t tie  following  linear  prob¬ 
lems  : 


V  *  v  •*  u ( x  ,y  ,  t ) v  =  0 
y  xx  J 


(«) 


v  •*  4v  +  6uv  +  3(u  u,,dx')v  +  >v  =  0  (9) 

t  xxx  x  x  y 

*  _  vJ  « 

( y  -  const.)-  We  shall  consider  the  question  of  solving  (7)  for 

2  2  2 

u(x,y,0)  decaying  sufficiently  rapidly  in  the  plane  r  =  x  +  y  -  ® 

2  2 

Physically  speaking,  both  cases  o  =  -1  ( KP I )  o  =  +1  (KPII)  are  of 


interest. 

(nonlocal ;  see  ref 


Whereas  KP I  can  be  related  to  a 

3i) 


RHBVP  of  a  certain  type 

Letting 


KPII  turns  out  to  require  new  ideas. 

.  (  .  >  i kx  +  k  y/o 

v  =  u (x,y,k)e 


o  =  o R  +  i Oj ,  Op  /  0.  Then  there  exist  functions  u  bounded  for  all 
x ,y  satisfying  p  -  1  as  |k  |  -  *■.  However  such  a  function  turns  out 
to  be  nowhere  analytic  in  k,  rather  it  depends  nontrivially  on  both 
the  real  and  imaginery  parts  of  k  =  (kR  +  ikj).  u  =  p(x ,y ,kR,kj ) . 

In  fact  p  satisfies  a  generalization  of  a  RHBVP  -  namely  a 
9  (DBAR)  problem  where  p  satisfies, 

. £  -  u(x»y»CQ*kj)  V(x,y,kp,kj )  (10) 


8  19  9 

where  —  =  xfrr-  i  r-r — )  and  V  has  the  structure 

^  r  c  oKd  <3K. 

iB(x,y, kR,kj ,sQ) 


V(^»y*kR,kj) 


sgn(kQ)e 


■n  |  oR  | 


T(kR,kj) 


B(x,y,kR,kI  ,?0)  =  (x  +  2y  ^-)(Lq  -  kR)  =  -2 ( x  +  2y  ^)k 


kl 

V"0 


Zo . 


i, 


C0  =  "kR  "  0R  kI ’  k0  =  kR  'R"I 


(ID 


(11)  may  be  converted  into  a  linear  integral  equation  by  employing 
the  generalized  Cauchy  formula.  T(k,k  )  is  viewed  as  the  ("nonphysi- 
cal"  data,  i.e.  inverse  scattering  data:  i.o.  inverse  data)  and  the 
potential  is  reconstructed  via 


(13) 


For  K-P  the  evolution  of  the  data  obeys  (y  =  4ikJ  in  (9)) 
7^  =  (8ik0)(6kk0  -  4 kp  -  3k2)T 


where  kp  -  kp 


•IlHi 

°R 


k  =  kp  *  i k  j . 


(iii) 


Similar  ideas  apply  to  higher  order  scalar  problems 

n 


0  |v  +  3%  +  z  {x)Z - I  s  0 

9x"  j-2  J 


where:  v,  u ,  £  l  and  to  first  order  systems 


( i  v ) 


o  +  J-f^  *  q(x,y)v  =  0 
3y  3x  J 


where:  v,qi:INxN,  J-diag(  J1  , .  .  .  ,JN) ,  J5  i  i  /  j  with  q’’  =  0. 
Interested  readers  many  consult  reference4* for  associated  details. 

The  notion  of  b  extends  to  higher  dimensional  scattering  and  in¬ 
verse  scattering  problems.  However  as  we  shall  mention,  despite  the 
fact  that  the  inverse  scattering  problem  is  essentially  tractable 
there  does  not  appear  to  be  any  local  nonlnear  evolution  equations  in 
dimensions  greater  than  2+1  associated  with  multidimensional  gener¬ 
alizations  of  (iii)  or  (iv). 

Our  prototype  scattering  problem  will  be 


Letting 


o  Vy  +  Av  u(x ,y) v  =  0 
n  2 

A  =  I  — p ,  x  c  Rn, 

£*1  3x^ 


v  =  u( x ,y ,k)e 


y  r  R  . 


(14) 


i  k • x  +  k  y/o 


k  =  kR  .  ikr 
n 


k  •  x 


7  k  .  x  , 


1 


J  J 


O  =  Cp  *  10  j  . 


Then  there  exist  functions  u  bounded  for  all  x,  y  satisfying  u"l«  as 


|kj 


,  J  =  1 . n.  When  oR  f  0  u  turns  out  to  be  nonanalytic  in 


each  of  the  variables  k,  i.e.  u  =  u(x,y,kp  ,...kp 

1  r 


k  , .  .  .  ,kj  )  and 
1 1  n 


satisfies  a  problem  lniu.it  in  in  each  of  the  var  iables  t  ;  i.e.- 

j 

satisfies  an  equation  of  tfie  form, 


—  *  T  (j,  ) ; 

;,R .  J 
J 


J  -  J . n 


where  T(y)  is  an  appropriate  linear  integral  operator  which  depends 
J 

only  on  one  scalar  scattering  function  T  :  T.  =  T.[T],  T=T(kD,k.,£) 

J  J  K  _  i 

C  being  (n-1)  integration  parameters  in  the  nonlocal  operator  T..  The 

J 

inverse  problem  is  redundant,  i.e.  we  are  given  T(k^,kj ,s)(3n-l)  para¬ 
meters)  and  we  must  reconstruct  a  local  potential  u(x,y)(n+l  para¬ 
meters).  A  serious  issue  is  how  to  characterize  admissible  inverse 
data  T,  i.e.  data  that  really  arises  from  a  local  potential  (small 
generic  changes  in  T(kR,kj,£)  cannot  be  expected  to  arise  from  a 
local  potential  u(x,y)).  Insight  into  this  question  is  obtained  by 
requiring  3  g/aR^aR^  =  a  p/aR^R.  (i  f  j).  The  form  of  this 
constraint  is  given  by 


Xij(T)  =  N.j[T]  (16) 

where  X:;  is  a  linear  operator  and  N..  a  nonlinear  (quadratic)  non- 

—  ^  5s  b  1 

local  operator.  Details  can  be  found  in  ’  .  Equation  (16)  can  be 

integrated  and  this  integrated  version  may  be  used  to  reconstruct 

u(x,y)  as  well  as  give  a  characterization  for  admissible  scattering 

data:  T(k^,kj,0-  However  (16)  also  indicates  why  simple  local 

nonlinear  evolution  equations  have  not  been  associated  with  equation 

(8).  Namely  in  the  previous  lower  dimensional  (2+1  and  1+1)  problems 

the  time  evolution  of  the  scattering  data  obeyed  a  particularly  simple 

equation,  (e.g.  =co(kR,kj)T.  However  in  this  case  such  a  simple  flow 

will  not  be  maintained  -  due  to  the  nonlinear  constraint  (16). 

These  ideas  can  be  generalized  to  first  order  systems: 

„  n 

(v)  +  c  I  J  .2-  -  qv 

ay  JM  J 

v- q  r  *  •  Jj =  d,aq(Jj . V 

J5 '  jJ-  k '  ‘  • 


with  similar  r» -suits  util  ,i 1  ned  J.  Ag.nn  the  scattering  ri.it  a  satis¬ 
fies  a  nonlinear  constraint.  In  general,  there  is  no  compatible  local 
nonlinear  evolution  equation  associated  with  (v).  However  when  cer¬ 
tain  restrictions  are  put  on  then  the  constraint  equation  becomes 
linear  and  the  so-called  f.'  wave  interaction  equations  are  compatible 
with  the  system  (v).  Nachman  and  Ablowitz^6^  showed  that  at  most,  the 
system  would  be  3+1  dimensional,  and  Fokasbt>^  showed  that  indeed  the 
system  is  reducible  to  2+1  dimensions  by  a  transformation  of  independ¬ 
ent  variables  (characteristic  variables). 

Beals  and  Coifman  have  given  an  alternative  but  similar  formula- 
tion7a,b^  in  the  scalar  case. 

There  is  an  n-d imensional  problem  which  also  fits  within 

the  framework  of  1ST:  The  so-called  generalized  wave  and  generalized 

sine-Gordon  euqation  (GWE  and  GSGE).  These  equations  arise  in  the 

context  of  differential  geometry  and  serve  to  extend  the  classical  re- 

8] 

suits  of  Backlund  for  the  sine-Gordon  equation  to  n-dimensions 
The  n-dimensional  Backlund  tranformation  is  given  by: 


where 


dX  +  XAlX  =  A 


dX  =  E  ~  dx  .. 

3  j  J 

Au  '  6i(z)aijdxj ■ 


i  .  l  teii 

-  — - tL  dx  .  -  -  - < 

ali  3*i  J  alj  "j 


1  <  i ,  j  <  n,  (18) 


and  a  =  la.^}  c  ^  •  Equations  (17-18)  reduce  to  the  Backlund  trans 

formation  for  the  generalized  sine-Gordon  equation  (GSGE)  when 

f,(z)  --  (z2  *  (26n  -  1 )  )/2z ,  (19) 

and  for  the  generalized  wave  equation  (GWE)  when 

h,(z)  =  -(1 -z2)/2z  :  X(z).  (20) 


The  compa t i bi 1 i ty  condition  required  for  the  existence  of  solu¬ 
tions  to  these  BacVlund  transf ormations  results  in  a  system  of  second 


M 


order  partial  di  f  f  emit  id  1  equations  inr  ,m  orthoqona  1  n  x  n  matrix 
a  -  iam  i"  ( 1 7 )  which  it,  a  function  ol  n  independent  variables 
a  =  a(xj  ,x^, . . . .x^).  The  equation  has  the  form 


i*jj 

X  •  1  3,  ■  »i X  . 
i  \  1 1  i 


aH.  'IXJ 


*ij  3,j 


i  3a,  .  ,»a ,  . 

7  J _ Ll  _L) 

k  t  i.j  a^k  3xk  *xk 


_ L_  ^11  ^ik 

alkal j  8xk  3xj 


,altdlj’ 


i  t  J, 


i,  j,  k  distinct, 


3a.)t  _3dji  3alk 
3«k  ■  au  3x( 


i  t  k. 


where  c  =  1  for  the  GSGE  and  c  =  0  for  the  GwE. 

We  observe  that  when  n  =2  and  r  =  1  (GSGE),  the  orthogonal 
matrix  a  =  {a^}  given  by 


cos  2  u 


sin  ^  u 


sin  2  u 


cos  2  u 


for  the  function  u  =  u(x, t)  reduces  the  GSGE  to  the  classical  sine- 
Gordon  equation  (<  =  -1), 

utt  ’  uxx  "C  sin  u  =  (23) 

On  the  other  hand  when  n  =  2  and  <  =  0,  then  with  (22)  the  GWE  reduces 
to  the  wave  equation  (23).  When  n  >  3  the  generalization  of  the 
wave  equations  discussed  here  is  nonlinear. 

The  Backlund  transformations  (17)  described  above  are  in  fact 
matrix  Riccati  equations.  Linearizations  of  such  a  system  can  be 

9] 

performed  in  a  striaghtforward  manner  (see  for  example  /•  Intro¬ 
ducing  the  transformation 

X  -  UV"1,  (24) 

where  U,  V  and  n  x  n  matrix  functions  of  Xj,..^,  the  following  linear 


with 


A  . 
J 


a 

J 

0 


(32) 


and  given  by  (27,30). 

O 

For  tho  GSGF  the  scattering  problem  for 


(x,2)  tales  the 


3  ■  iu: 

o  x  . 

J 


('-el)aj 


6(z),  A ( z ) ,  C  given  above,  or  equivalently 

|  A.c-  ♦  4  B  .  U<  ♦  Cj!, 


<M  <k 


where 


u  =  diag(+l ,  -1 


-1).  (35) 


In°->  it  is  shown  how  these  linear  problems  may  be  viewed  as  a  direct 
and  inverse  scattering  problem  for  the  GWE  and  GSGE.  Namely  the 
direct  and  inverse  problem  may  be  solved  for  matrix  potentials,  de¬ 
pending  on  the  orthogonal  matrix  a,  tending  to  the  identity  sufficient¬ 
ly  fast  in  certain  "generic"  directions.  It  should  be  noted  that 
solving  the  n-dimensional  GWE  and  GSGE  reduces  to  the  study  of  the 
scattering  and  inverse  scattering  associated  with  a  coupled  system  of 
n  one-dimensional  o.d.e.'s.  This  is  in  marked  contrast  to  other 
attempts  described  earlier  to  isolate  solvable  (local)  multidimensional 
nonlinear  evolution  equation  which  are  compatibility  conditions  of  two 
Lax-type  operators,  e.g., 

Li.  =  At  (36) 

<it  =  Me  (37) 

where  L  is  a  partial  differential  operator  with  the  variable  t  enter¬ 
ing  only  parametr i ca 1 1 y .  Although  as  we  have  seen  nonlinear  evolution 


equations  in  three  in<li,*|n*n<1ent  variables  can  be  associated  with  such 
Lax  pa i rs  (e.y.  the  h-f,  Da vey-Stewartson ,  three  wave  interaction 
equations,  etc.)  little  progress  via  this  route  has  been  made  in  more 
than  three  dimensions.  As  discussed  earlier  one  has  to  overcome  a 
serious  constraint  inherent  in  the  scatter l ng/inverse  scattering 
theory  for  higher  dimensional  partial  differential  operators  in 
order  to  be  able  to  isolate  associated  solvable  nonlinear  equations, 
i.e.  the  scattering  data  generally  satisfies  a  nonlinear  equation 
(e.g.  (16)).  The  analysis  associated  with  the  GWE  and  GSGE  avoids 
these  difficulties  since  the  GWE  and  GSGE  problems  are  simply  a 
compatible  set  of  nonlinear  one-dimensional  o.d.e.'s.  The  results 
in  [8]  demonstrate  that  the  initial  value  problem  is  posed  with 
given  data  along  lines  and  not  on  (n-1)  dimensional  manifolds. 

Similar  ideas  apply  to  certain  n-dimensional  extensions  of  the  so- 

9  ] 

called  anti-self-dual  Yang-Mills  equations  (SDYM).  In  it  is 
shown  that  these  mul t i -dimens lona 1  nonlinear  equations  are  associated 
with  compatible  two-dimensional  linear  systems.  Broad  classes  of 
solutions  may  be  calculated  by  the  3  method.  Since  the  overall  com¬ 
patible  linear  systems  are  coupled  two-dimensional  equations,  the 
scattering  data  does  not  satisfy  the  nonlinear  constraint  discussed 
earl ier. 

Finally  we  remark  that  there  is  a  class  of  nonlocal  equations 
which  can  be  reduced  to  exactly  solvable  equations.  In  the  context  of 
multidimensional  nonlinear  equations  perhaps  the  most  interesting 
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An  example  of  5 problem  arising  in  a  finite  difference  context:  Direct  and 
inverse  problem  for  the  discrete  analog  of  the  equation  ipMM  +utp=oipy 

O.  Ragntsco and  P.  M.  Santini  MARK*).  ADLOWOZ 

Dtportimento  di  Fistca.  Universita'  “La  Sapienza.  "  Roma,  Italy  and  Istttulo  Sazionalt  di  Ftsica  Sucleart. 

Seztone  di  Roma,  Italy 

S.  Chitlaru-Briggs  and  M.  J.  Ablowitz 

Department  of  Mathematics  and  Computer  Science.  Clarkson  College  of  Technology.  Potsdam.  Sew  York 
13676  . 

(Received  7  January  1986;  accepted  for  publication  18  November  1986) 

The  direct  and  inverse  spectral  problem  far  the  discrete  analog  of  the  equation 

»  solved  in  the  framework  of  “3  "  theory.  The  time  evolution  of  the  spectral 
data  for  the  wii near diEereotial-riiffcreoce  equations  associated  to  linear 

problem  is  derived. 


L  INTRODUCTION  *j.. 

In  recent  years,  there,  has  been  considerable  interest  in 
the  study  of  exactly  solvable  nonlinear  evolution  equations 
by  the  method  of  the  inverse  scattering  transform  (1ST). 
The  results  for  one-dimensional  partial  differential  equa¬ 
tions  and  their  discrete  analogs  is  by  now  classical  and  cov¬ 
ered  in  tests  an  the  subject.1  On  the  other  hand,  the  work 
dooeonISTfor2+  1  dimensions  has  only  been  satisfactori¬ 
ly  understood  within  the  past  few  years.2  The  prototype 
problem  studied  is  the  jCadomtaev-Petviaahvili  (KP)  eqna- 


aquation)  has  been  invertigated  via  RH  methods  byt  num¬ 
ber  of  authors.2  In  particular,  we  refer  to  the  thesis  ofSanda 
L.  Chitlans-Briggs  who  not  only  oonaidered  this  ooe-dimen- 


such  as  the  one  under  scrutiny  in  this  paper.  Un¬ 
fortunately,  her  life  was  prematurely  cut  short  and  her  study 
had  to  be  This  article  is  dedicated  to  Sanda  L.  Chit- 
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togetherwitii  its  associated  linear  problem 

There  ore  two  critical  choices  of  the  l 

(KPI);<r-l:(KPII).;  .  '.'7 

.-Jdanakor2  showed  that  KPJ  frtssawjMhe  bontrst  of  1 
Xnmann-HSbert  (RH)  theoty  (Le^  feleads  to  a  nonlocal 
RH  problem).  The  aeoood  case,  KPQ,  vraafoond  to  He  oat* 
sideRH  theory.  It  required  essential  useof  the  notion  of “3  ” 
(DBAR)  problem.  We  recall  that  Beals  and  Coifman,4  in 
their  elegant  work  on  systems  of  ordinary  differential  equa¬ 
tions,  noted  that  the  RH  problem  was,  in  (act,  a  special  case 
of  the  more  general  notion  of  a  3  problem.  The  3  problem 
gives  a  simple  and  powerful  method  by  which  the  underlying 
inverse  spectral  problem  for  the  KPII  equation  (and  other 
analogous  equations,  like  Davey-Stewardson  II,  modified 
KPII, ... )  can  be  solved. 

In  this  paper  a  discrete  analog  of  ( 1.2)  for  the  case  o  **  1 
is  investigated.  To  our  knowledge  this  is  the  first  considers- 
bon  of  a  discrete  multidimensional  scattering  problem  via  d 
theory.  One  very  important  observation  is  that  fully  discrete 
I  ‘pectral  problems  virtually  always  require  the  use  of  a  3  ap¬ 
proach.  The  reason  for  this  has  to  do  with  the  fact  that  dis- 
cretizations  are  generally  unstable  ("ill-posed")  as  partial 
difference  equations  in  Z2  (in  analogy  with  problem  (1.2) 
*ith  a  =  1  for  both  x  and y  finite]. 

Of  course,  the  corresponding  one-dimensional  discrete 
Pr°blem  (i.e.,  the  finite-difference  analog  of  the  Schrddinger 


IL  THE  DIRECT  PROBLEM 

We  investigate  the  linear  problem 

lK«  -  l,m)  +  -M(*vn)d(»  +  l.«) 

- 2+{h jn  + 1),  >•  ***■■  •  (2.1) 

where  («^n)^f,aad  the  "potmtialV*  B,A  —  1  vanish  sufil- 
ckutly  fret  as  a  end  (or)  us  go  to  infinity 

This  problem,  as  well  as  the  simplest  evolution  equa¬ 
tion  associated  with  it,  has  been  already  introduced  in  Ref. 


It  is  easy  to  see  that,  when  ff  *0,  the  continuum  limit  of 
(2.1)  is  Just  Eq.  (1.2)  for  odt;  to  perform  this  hunt,  set 
A(myn)  ■exp[A(P’(<i  +  l,m  +  1)  —  K(*,m))],  x«nA. 
y  —  (o/2)mA\  and  let  A— 0:  one  recovers  (1.2)  with 
u-K.. 

To  handle  Eq.  (2.1),  we  introduce  a  function  /r,  defined 

as 

(iiHjn?)  *  tfr(n^i)(t^(«,m^)]_',  (2.2) 

where  is  a  special  solution  of  the  "bare”  problem  asso¬ 
ciated  to  (2.1)  (i.e.,  the  one  corresponding  toff  =  0,  .4  =  1), 
given  by 

**"(«, m*)  =/-"((/  +  z~')/2)m.  (2.3) 

The  function  p  will  then  satisfy  the  following  equation: 
ifz(n  —  1  ,mj)  + 

+  z~  'A(n,m)fz(n  +  l,m;z) 

=  (z  +  j''V((i,m  +  l^).  (2.4) 

Requinng  that,  as  a  function  of  z,  n  satisfies  the  boundary 
condition 

iim  fi(n.m  j)  =  I,  (2  5) 

i*i-« 
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Iq.  (2.4)  is  equivalent  to  the  summation  equation 

♦  m 

1  —  X  —  m  ’m  ~  m'i*) 

m'M  •  —  m 

+  x_,(/f(*>0  —  1W("'  +  li"*’*)). 


From  its  very  definition,  it  turns  out  that  G  enjoys  the  follow* 
inf  symmetry  properties: 

G(njnj)  —  -  G(njn\  -x),  (2.9a) 

G(njnj)  -  -  (  -  I )* *  mG(n,m,z),  (2.9b) 

C(W)"4»l'V"^',’m^)1  (2.9c) 


where  the  Green's  function  G  is  defined  as 

-  --1  <£  —  <£ 

(2tn)  Jw  >  x ,  x, 

XxJ^CUwXaiX) 


s,w>.[i+i-4+i)] 


(2.6)  where  ±a>,.  ±  <u„  defined  as 

? 

ux—z/z,  ^  • 

<uj=  (5+  l/2)/(z  +  1/x). 


(2.10a) 

(2.10b) 


are  the  simple  pole  singularities  of  G,  as  a  function  of  x,  and 
Xj  on  the  integration  contours.  Aa  in  the  corresponding  con¬ 
tinuum  linear  problem  (1.2),  these  singularities  are  integra- 
bfe,  and  by  performing  the  integration  with  respect  to  x2,  we 
got  for  G  the  following  expression,  which  clearly  shows  that 
G is  not  aa  analytic  function  of  x  —  rcxp(ff>)  [inEq.  (2.11), 
x, -exp(tf,)), 


G(W)--L(x  +  x-,)-T^  +  . 

2«f  'Jki-i  x,  V  x  x,  / 

X {©<1  -  m)  -  ©(  j  +  f> )©(  -  f ) [©<#,  +  *)©(2g>  -  *,)  +  ©(*,)©(»  +  2f>  -  *,) ] 

-  ©(«•  +  *>)©(  -  F  -  y  )l©(  -  *i)®(*i  -  2*  -  r)  +  ©(r  -  tf , )©(*,  -  Ip  -  2ir) ) 

-  ©(*>)©(  y  -  f>  )[©(«■  -  *,)©(*,  -  V)  +  ©(  -  B,  )©(  J,  -  2*  +  w) ) 

_e(_Z  +  f,)e(r-.r)  (0(4,  )©(2*  -  r  -  9, )  +  ©(*,  +  tr)©(2f>  -  2r  -  «>, )  ]  j . 


(2.11) 


.  sand  by  hsa*d’’ derivative,  whose  expression  is  the  following 


^-e(x*)(l  -  (  -  D^Ks*. 


0.12) 


rfxj)  ■■  (f/r)sgn(sfo  2p)0^  +  1)~*.  (2.13) 

Fqusrion  (2.12)  can  be  either  derived  from  (2.1 1)  by  mesas 
of  the  standard  formula 


±  _U  *  ,  d  1 
»"  2*1  dr  a?  ]’ 


(2.14a) 


or,  directly  from  (2.7),  taking  into  account  the  distribution 
formula 


(2.14b) 


As  in  the  continuum  case,  the  existence  of  a  connection 
formula  between  n  and  its  “ d  ”  derivative  plays  an  essential 
role  in  the  method.  In  our  case,  it  has  the  following  expres¬ 
sion: 

=  cr(z)/i(n,m;z)  +  (  -  1  )*  *  m0(z)n(n,m,  -  z). 

(2.15) 
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The  “spectral  dsSa”  a (x),/5(x)  are  related  to  the  poten¬ 
tials  through  the  formulas 

*  ,T  • '  •  , 

♦  .  v  ; 

a(x)  -c(xjf)  £  a»,“  "a*j~ "  .  :ji 

X  l 

+  —  l)p(ii  +  1st?)],  (2-lfis)  ^ 

fi(z)--c(zj)  (-1  )*  +  "a>f*a>f" 

—  —  ns 

X[B(njn)n{njn?) 

+  x-,(4(",m)  —  l|p(/i  +  l,m;x)].  (2.16b) 

To  prove  formulas  (2.15),  (2.16)  it  is  sufficient  to  perform 
the  “3  ”  derivative  of  the  summation  equation  (2.6),  taking 
into  account  Eq.  (2.12)  and  the  symmetry  properties  (2.9), 
and  then  to  notice  that  the  Ihs  and  the  rhs  of  (2.15)  satisfy 
the  same  nonhomogen  ecus  summation  equation. 


III.  THE  INVERSE  PROBLEM 

The  main  tool  for  solving  the  inverse  problem,  namely 
for  reconstructing  the  potentials  A(n,m)  and  B(n,m)  from 
the  spectral  dataa(r)  and  0(z),  is  provided  by  the  general¬ 
ized  Cauchy  formula 
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l  ff  df/at  Jt .  l  L  AC)  »  =  Cm  +  £/ */>«p«r))- 

**  '*  **  2*r?  J  Jo  717  *C^*C  +  73 1  Identifying/with  p,  choosing  D  as  the  whole  complex  x 

v  ,  t (  (3.1 )  plane,  and  taking  into  account  Eqs  (2.5)  and  (2. IS),  for- 

mula  (3.1)  yield*  the  following  toeor  integral  equation  for 
where  D  is  a  suiuble  domain  in  the  r  plane  and  /j: 


,<w) .  i  ^  JL  ( -n-pi i 


)u(n,m;  -b] 


Once,  through  the  solution  of  (3.2), /s  is  known  in  the  fi{1\ns»)  - - —  ff  df  Ad£{£  (a(£)/i(n,m;£) 

whole  complex  x  plane,  ooe  can  easily  reconstruct  the  poten-  2 vi  J  Jo 

dab  through  the  formulas  +  (  -  1)*+ m0(frn(njn; V 

B(njn)  m/t<u(njn  +  j)  — /*w(n  —  1,ji»),  (3J*)  ^  /  ^  ^(3.5b) 

-  l  +A»Q)(«^^l)r/*®(«  -  l^n)r  IV. iK)MK /UMOCIATED  EVOLinTON  EQOATK>W>Jidf' ^ 

a* .  where  and  /i®  are  the  leading  terms  in  the 


t  •  « 


“ad  rn  « 


In  terms  of  the  spectral  data,  they  read 

JX*Ad?  [«(f)^(W):& 

+  (-i),+W)/*C*w»;-?)].  (3-3*) 

_ _ _ -  -  :-  --  “ _ *4-J 

(*,«)  -  —  (hr1)^ +»“‘)V(«^»>  ~ l kG&H* 


A(h  -  1  —Jjn  +j) 


“I Gw(hjh) 

>  *  ■  * 

)tffK«M")--2#(«-f  l,m  +  l)J.  (4- lb) 


v.^r 


#.  (s,m)  -  -  (&rJ)->+*“‘)V(«^«)  -  lj<7$0u»>  +  +  l*  +  2 )(?«(«*»)] 

*.' i  gg*>JC*cl«  •' •  •  .-!?*  '•'  ■’ 


A(h-i—J*+J) 

-TV.  . 


fef'  Gai(n>»):«,/,n^*--  ^ iHfB 


V* 

•-t ' 

< 

hi 

IJft 

‘M 

JS&&1 

-  (?•(*,« +.1) -<?•(«-  \*).  '  •'  '  V:!'. ;  'W-2*) 

-  -  ^(juO(0<»(ji  -  UO  -  <7W<«*  Mtil.  •'  '  ^  j  *'"T 

_a  '4.'  .  ■:£  ••••  .  *  :••  OJh)  -1 


AMs n)  -#( a  +  l>)(?«(ii>i'#fj  - 
M,(Hsn)mOmliVH-+J)-Cm{m-  l*).  '  '  *%* 

AM*)  -  -  i^(«^)r<7m(*  -  l^i)  -  <7‘w(n^  ld»)J.  ‘  -  ^  ' 

^.(n^n)  -0.  *  '.  ”■'■•*  :  .  -r" 

A, (mjn)  mm  -J>t(«^,)t<?®(«-  l^n)  -<7®(n  +  l^i) 

+  J/<(n^n  +  2K7°’Oi  -  l.m)  -  J  A(h  +  2^i  +  2)<7w(n  +  I^fi)], 

B, (n/n)  =  0. 


(4.2b) 

(4.2c) 


^  Equation  (4.2a)  is  clearly  a  two-dimensional  version  of  the  The  evolution  of  the  spectral  data  is  derived  from  for- 

Toda  lattice,7  which  is  immediately  recovered,  by  »»«»w»"g  mulas  (4.1)  by  letting  n,m  —  »  and  comparing  the  “5  ”  de- 

thaty<  and  B  do  not  depend  on  m.  rivative  of  Eqs.  (4.1)  with  the  time  derivative  of  (2.15).  To 

Equation  (4.2b)  is  in  turn  a  two-dimensional  version  of  perform  this  comparison  one  has  to  take  into  account  that,  as 

the  infinite  Volterra  system,'  and  finally  Eq.  (4.2c)  is  a  dif-  it  can  be  seen  from  (2.6),  for  large  n  and  m  /i  goes  to  a 

ferential-difference  analog  of  the  K.PII  equation.  constant  value  as  x  approaches  0. 
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The  corresponding  rculu  are  the  fo.lowing 
(i)  For  Eq.  (2a) 

a, (x) -(I"'- f-')a(x); 

£,(*)-  -(x-'  +  x~')^(x). 

(ti)  For  Eq.  (2b) 

a,(z)/a(z)  =  0,(z)/0{z)  =  z~2  -  z  ~2. 

(iii)  For  Eq.  (2c) 
a,(x)/a(x)  •*  0,<.x)/0(t) 

-x-1) 

—  (x  +  x_,),(l  —  X-1)]. 

A  more  systematic  invcatigatioc  of  the  daaa  of  evolution 
aquation  aaaodated  with  the  linear  problem  (2.1)  is  con¬ 
tained  in  Ref.  9,  where  the  bi-Hamiltonian  structure  of  this 
class  is  explicitly  derived. 
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